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SECOND ORDER DIFFERENTIAL EQUATIONS:
CONDITIONS OF COMPLETE INTEGRABILITY

V.P. ERMAKOV

Translated from Russian by Alexander O. Harin
Edited by Nail H. Ibragimov

[V.P. Ermakov, Second order differential equations. Conditions of complete integrability
Universitetskie Izvestiya, Kiev, Series 111, 20(9), 1880, pp. 1-25.
From: V.P. Ermakov, Lectures on integration of differential equations (in Russian)]

Editor’s preface

Nowadays, Ermakov’s name is associated with the nonlinear equation
d*z Q@
i M(x)z + 3
discussed in this paper, see Eq. (20.2) in § 20. Later, Ermakov’s equation (1) with M (z) = 0
appeared in Lie’s group classification of ordinary differential equations as a representative of
one of four classes of second-order equations admitting three infinitesimal symmetries (see
[1, 2, 3, 4]; the classification result for second-order equations is summarized in [5]). The
current interest to the remarkable properties of Eq. (1) began after 1950s when E. Pinney [6]
rediscovered Ermakov’s result stating that the solution of Eq. (1) can be expressed via the
solution of the corresponding linear equation
2
% = M(x)y. (2)
A group theoretic generalization of Ermakov’s equation is obtained in [7]. Namely, it shown in
[71, §3.3.2, that the equation

« = const., (1)

y" +a(@)y +b(x)y = c(z)y™® )

admits a three-dimensional Lie algebra if and only if it has the following form:
k
Y +a(z)y +b(x)y = — e 2 a@de g — cont. 4)
Yy

Note, that the discussion of the nonlinear equation (1) is only an episode in Ermakov’s
paper. It contains many other remarkable results on integration of second-order differential
equations in terms of elementary functions or by quadrature.

N.H. Ibragimov

© 2008 ALGA



2 V.P. Ermakov

g 1.

Linear second order equations with variable coefficients can be completely integrated
only in very rare cases. We consider the most important of them.
Let us prove first that if a particular integral of the equation
d*y dy
+ A—
da? dx
is known then the determination of a complete integral is reduced to quadrature. Let u
be a particular integral of this equation:

+ By =0

d*u du
P_I—Ad + Bu = 0.

Eliminating B from these equations we obtain

A first integral of this equation is

dy du
dx B dv

Integrating again we obtain the complete integral:

y:Cu/exp (—/Ad:v)i—f—l—@u.

g 2.

Any linear differential equation of the second order
dy dy
A—+By=0
a2 + I + by
can always be reduced by a variable transformation to the form in which the first deriva-
tive is absent. Explicitly putting

leads to

dx?

Later we will see that this form makes it easy to discover integrability conditions of
differential equations.

2
Q:(lAerl%—B)z.



Second order differential equations: Conditions of complete integrability 3

§ 3.

The majority of differential equations for which it is possible to find integrability con-
ditions reduce to the form:

d? d
(Az? +Ba:+0)d—xz + (Da:+E)£ + Fy =0,

where coefficients are some constant numbers. Taking the nth derivative of the equa-
tions and putting

Z_—dny
~ dan
we obtain
(Az* + B +O)@+{(D+2A )x+ E + B }@
a s de n)xr n dx

+(F — An + Dn + An?)y = 0.

Thus, if an integral of the first equation is known, we can find an integral of the second
equation where n is a whole positive number.
An integral of the first equation can always be found in the case when F' = 0,

dy

dmzo'

d2
(Az* + Bz + C)d—gg + (Dx + E)

Designating

/ DitB
Aa:2+B:1:—|—C’x_ L)

we find an integral of the equation in the form:

y = &/e“"(”‘”)dm + 8,

where o and 3 are arbitrary constants. As has been proved, if n is a whole positive
number, then a particular integral of the equation

d*y dy
2 _ _
(Ax +Bx+0)da72 +{(D+2An)x+ E + Bn} =

+n(D—A+An)y =0
will be expressed by the formula:

n—1
4T @

dxnfl
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§ 4.

Let us pass on to a more thorough investigation of particular cases. As has been proved
above, the differential equation

(x+a)(x+ b)% +{(n—=N)(x+b)+ (n—p)(z+ a)}j—;

+nn—1—A—pu)z=0
is completely integrable if n is a positive integer. In the present case

[ Mz +Db) + p(x+a)
g"<”"“">_/ (z +a)(z +b)

dx = Nog(z + a) + plog(z + b).

Hence, a particular integral of the equation is expressed by the formula:

dnfl
dl.n—l (

z = x4+ a)(z + b)-.

Let us apply the transformation of § 2 to the equation. Putting
2= (z+a) T (@ +D)" Ty,
we reduce the equation to the following form:

(x +a)(x+ b)§2y =

(m—A=1)2?—-1b—a (n—p—1>2*-1la—-b M\+p+1)2-1
{ 4 x+a+ 4 —b 4 v

Comparing this equation with the equation

d*x a 3
(x—i—a)(ac—i—b)d%2 = <m—|—a+x+b+v)y’

we obtain three algebraic equations whose solutions are

1 1+ i + 46
2 b—a a—>

1+— \/7 (4.1)

1
:I:— 14 4,
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In these equations before each of the roots either upper or lower sign can be taken.
Thus, altogether we have eight solutions. This yields the following result.
To find complete integrability conditions of the differential equation
d?y Az*+ Bx +C

dz? ~ (z+a)(z+ b)2y

split the fraction
Az* + Bx +C

(x+a)(z+0b)

into partial fractions:

Az’ + Bz +C Q 16
= + + 7.
(r+a)(x+b) x4+a x+0b

The equation can be completely integrated if one of the expressions

1 1
\/Hb—ai\/H—ﬁbi‘/HM 4.2)

is an odd integer.
If this condition holds, then a particular integral of the equation is

n—>\ n—up dnil

y=(@+a) T e+ )T

(z + a)(z + b)*,

where n, A and p are given by the formulae (4.1), in which, naturally, signs should be
chosen so that n be a positive integer. If two of the numbers (4.2) are odd integers, then
we can find two particular integrals and consequently the complete integral without the
use of quadratures.

§ 5.

The conditions of integrability found above are not unique. Let us show that there exist
other conditions.
It is easy to verify that the complete integral of the equation

2
(t2+b—a)%+t%—52z:0

is given by the formula:
§ §
c(t+\/t2+b—a) —|—c’<t—\/t2—|—b—a) ) (5.1)

5



6 V.P. Ermakov

As has been proved in § 3, the nth derivative of this formula is the complete integral of
the equation:

2

(2 +b— a)% +(2n+ 1)% + (n? — 6%z = 0.

The nth derivative of the expression (5.1) is nothing but the coefficient of " in the
expansion of the expression

c{t+u+ \/(t+u)2+b—a}6

—i—c’{t—ku—\/(t—l—u)Q—l—b—a}(S (5.2)

in increasing powers of wu.
Changing the variable ¢ in the last differential equation for z, according to the
formula ¢t = \/x + a, we obtain:

(:c+a)(x+b)%+{%(:c+b)+ (n—l—%) (x+a)}j—i+i(n2—52)z:0.

Substituting for ¢ in expression (5.2), we find that the complete integral of the last
equation is the coefficient of " in the expansion of the expression

5
c(\/a:+a+u—|—\/a:—l—b+2u\/x—|—a—|—u2>

5
+c’(\/:p+a—|—u—\/x+b—|—2u\/x+a+u2> (5.3)

in increasing powers of w.
Taking the mth derivative of both parts of the last differential equation and putting

d"z

S = —
dx™

we obtain:
d?s 1 1 ds
(:U—l—a)(x—l—b)@—i—{(m—{—i) (x +b) + <m+n+§) (x—i—a)}%

—l—i {@m+n)*—6}s=0.

The complete integral of this equation is the mth derivative of the coefficient of u" in
the expansion of expression (5.3) in increasing powers of w.

6



Second order differential equations: Conditions of complete integrability 7

Let us apply the transformation of § 2 to the last equation. Putting

s=(o+a) # i@+ )y,
we obtain ,
d-y
ned
(o + a)(x + )
2m—-1)22—-4b—a (2m+2n—-12—-4a—-b -1
+ + Y.
16 T+ a 16 r+b 4

Comparing this equation with the equation

d’y a B
(x—l—a)(x—l—b)@— <x+a+x+b+7)y’

we obtain

1 / 4o 1 / 43
m 2+ +b—a’ m+n 2+ +a—b’ v 1+ 4y

Thus, the last equation is completely integrable if

1 [ 4@ 1 [ a3
— 1 — 1
2+ +b—a’ 2+ +a—b

are integers. In this case we obtain the complete integral through multiplying

(x +b)"z"

=

(x—l—a)%Jr

by the mth derivative of the coefficient of u" in the expansion of (5.3) in increasing
powers of u.

§ 6.

We have found that the equation

d?y o 5
(x—l—a)(:c—l—b)@— (x+a+x+b+7)y

can be completely integrated if
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are whole numbers. To find further conditions for integrability, let us transform the
variables of the equation according to the formulae:
(b—a)? 2z

r+a= , = .
t+a Y t+a

The transformed equation is of the form:

d*z (b — a) 6} a
@+®@+®dﬁ__(t+a +t+b+b—a)”

This equation is of the same form as the previous, therefore it is completely integrable
if

1
1+4”}/, §+ 1+a—b

are whole numbers. Subjected to this condition the previous equation is also integrable.
In the same way we can prove that the equation is integrable also in the case when

——|—\/1—|—4% +4/1

are integers. Thus, we obtain the following result.
The equation

(x+@@+®§g:( ° 4 b +7>

r+a x+b

besides the cases indicated in § 4, is completely integrable if two among the three

numbers:
1 4o 1 43 1
— 1 — 1+ — - 1+4
2+\/ +b—a’ 2+V +a—b’ 2+ T

are whole numbers.

§ 7.

The equation

d*y a E g
(x+a)(m+b)(x+c)d S = (x+a+x+b+x+c>y

can be transformed to the form of the equation examined before by a transformation of
variables. Indeed, transforming this equation according to the formulae:

(¢ —a)(c—0b) z

Tt b —c VT e

8



Second order differential equations: Conditions of complete integrability 9

we obtain

d*z Q@ I} v
(t+a)t+0)m = <(c—a)(t+a) HCEDIEDN (c—a)(c—b)> :

Integrability conditions of this equation can be found according to the rules given in
§ 4 and § 6. Thus we obtain the following result.

To find integrability conditions of the differential equation

d?y Az? + Bx + C

A2~ (@+a)2(@+b)2@+ 02

split the fraction
Ax?> + Bz + C
(x +a)(z+b)(z+c)

into partial fractions:

Ar*+Br+C « N 16} N v
(z+a)(z+b)(z+e) x+a x+b x+c

The equation is completely integrable if

4o 43 4~
\/1+(a—b)(a—c)i\/1+(b—a)(b—c)i\/1+(c—a)(c—b)

is an odd integer. The equation is completely integrable also in the case when two
among the following three numbers:

+\/1+ a—b a—c)
e
Jr\/1Jr (c—a c—b)

N —

+
+

DO =

DN —

are whole numbers.
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§ 8.

Now let us pass on to the new form of the equation:

d?z

d
(:U+a)@+{n—u—)\($—a)}d—;—)\nz:O.
This equation, as was shown in § 3, is completely integrable if n is a whole positive
number. In the present case

i a

¢@y_/(A+ ﬁ )mnﬂm+ung+@.

Therefore a particular integral of the equation is expressed by the formula:

Let us apply the transformation of § 2 to the differential equation. Indeed putting
z=(x+ a)%e%y,

yields

Py (N An4+p) (n—p—1)P%-1
@_(Z 2(z +a) 4(z + a)? )y.

Comparing this equation with the equation

dy B g
da? (a+x+a+(x+a)2)y’

results in
11 3
=4 _/1+4y+ =
nEg VIt
11 3
=~ F o/l +dy+ = 8.1
p 5 Tavitdy NG (8.1)

A = +2/a.

Thus we obtain the following result.
The differential equation

d*y g 8]
da? <a+x+a+(x~l—a)z)y

10




Second order differential equations: Conditions of complete integrability 11

is completely integrable if

1+47:|:£

Va
is a whole positive or negative number. If this condition holds, then a particular integral
of the equation is
nep dn—l

= 2 2
y=(r+a) e e

(z + a)"e”.

where n, A and p are given by (8.1).

§ 9.

The integrability condition found in the previous section is not unique. It does not hold

in the case when v = 0,
d2
dx? r+a (r+a)?

To find integrability condition of this equation, transform it to the new variables ac-
cording to the formulae:

1
r+a= §(t—|—a)2, y=zVt+a.
The transformed equation takes the form:
d*z 3+ 16y
ZZ— (9 et
e < b+ 4(t+a)2) :

The last equation and, therefore, the previous is completely integrable if 2,/1 + 4+ is
a whole odd number. Thus we obtain the following result.
The differential equation

d’y B 8]
da? (a+m+a+ (x+a)2)y

is completely integrable if o« = 0 and 2+/1 + 4y is a whole odd number.
Besides the two cases indicated, the equation is completely integrable also in the
case when o = 3 = 0,

Py _
de? (x4 a)?
The complete integral of this equation is expressed by the formula:
y=c(z+a)l+(x+a)"
where
= 14+ +/1+44y
-

11



12 V.P. Ermakov

§ 10.

The integrability condition given in the previous section and the integral of the equation
can be found as follows.
It is easy to show that

g = CeQ&/w—l—a _|_C/€—26\/x+a

is a complete integral of the equation

d?s 1lds
— 4 = 55 =0.
(m—ka)de—l—de s=0

Taking the nth derivative of both parts of the equation and putting

d"s
T A
yields

d*z 1\ dz
(x+a)@+<n+§>%—5z:0

The integral of this equation is expressed by the formula:

L j_” (Cew\/m_'_cxe—%\/m)‘
l»n

Let us apply the transformation of §2 to the last equation. Putting

_n__
2

PN

2= (e +a) i iy,

we obtain

dy [ & +(2n—1)2—4
dz? |z +a 16(x + a)? v

Comparing this equation with the equation
dy (B gl
7 o — + Y,
dx? r+a (r+a)?

1

If n is a whole number, the integral of the equation is expressed by the formula:

we obtain:

y=(z+a)its j— (ce%\/m + 0/6—26\/m> ‘
:L-’I'L

12
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§ 11.

The differential equation

9 2y_ (6] 6 2
(240 = ((x+b)2+ Cra@td) <x+a>2>y

can be transformed by a transformation of variables to the form of the equation exam-
ined in the three previous sections. Indeed, transforming this equation according to the
formulae:

we obtain:

d*z 6] v
—p)2= =
(0 =02 (a+t+a+ tta2)”
The integrability conditions of this equation can be found according to the rules devel-

oped in the three previous sections. Thus we obtain the following result.
The differential equation

2y

B o B 2l
(z+0) 502 = (mw” Gra@rb) <x+a>2>y

is completely integrable in the following three cases: 1) if

4y 15

M T aobva

is an odd integer, 2) if « = 0 and

I
2 (a—0b)?

is a whole number and 3) if o« = 3 = 0.

§ 12.

The differential equation

d’y a 8 v
da? ((96%—@)4+(:)s+a)3jL (x+a)2>y

13



14 V.P. Ermakov

can be transformed by a transformation of variables to the form of the equation exam-
ined in §§ 8, 9 and 10. Indeed putting

1 .z
tra VT ixa

d*z 3 v
ar - (a+t+a+ (t—l—a)2)z

Thus we obtain the following result.
The differential equation

rT+a=

we obtain:

d? a
&y A )
dt? (x+a)t  (x4+a)P (v+a)?

is completely integrable in the following three cases: 1) if

1—i—47j:i

Ja
is an odd integer, 2) if « = 0 and 2+/1 + 4~ is a whole odd number and 3) if « = 3 = 0.

§ 13.

The first of the integrability conditions, given in the previous section, as well as the
integral of the equation, can also be found as follows.
The differential equation

(x+a)2@+{(2n—/\)(m—l—a)+ }%%—n(n—l—/\)z—()
dx? M -
as was shown in § 3, is completely integrable if n is a whole number. In the present
case \
H H
= — dr = M1 .
o(x) /(m—l—a (x+a)2> x 0g(x+a)+x+a

Therefore a particular integral of the equation is expressed by the formula:

dn—l

e (x + a))‘eﬁ.

z =
Applying the transformation of § 2,
A
2

z = (x -+ a) 7ne2(z+a)y’

14



Second order differential equations: Conditions of complete integrability 15

we obtain:

Py u? p2n—A—-2) (A+1)2-1
@_{4(x+a)4+ 2(x + a)? * 4(x+a)2}

Comparing this equation with the equation

Py o 3 v
dez ((:c—l—a)4 * (x 4+ a)? + (a:+a)2>y’

we obtain: _ 5
= -4 /1 +4y+ —
eVt R

A=—14/1+4y, pu==2/a.

If n is found to be a positive integer, a particular integral of the equation can be ex-
pressed by the formula:

n—1

(ot ape

Y= (;1; + a)n_%e_ﬁ

§ 14.

The differential equation

d2
d—xz = (aa® + B +7)y

can be transformed by a transformation of variables to a particular form of the equation
examined in § 8. Indeed, putting

g

L =i = 2(t
T+ oo +a, y==z(t+a)

1
4
)

we obtain

Po_fa A -3
dt2 |4 16a(t+a) 16(t + a)?

Thus, as has been proved in § 8, we obtain the following result. The differential equa-
tion

2
d—;; = (az® + Bz +7)y
is completely integrable if
1 day-—-p3
e S ot
2 8a/a

is an odd integer.

15



16 V.P. Ermakov

§ 15.

The integrability condition given in the previous section, as well as the integral of the
equation, can be found as follows.

The differential equation

d*z dz

— — (2\ — —2\nz =0
gz~ QA+ p)o- = 2dnz =0,
as has been shown in § 3, is completely integrable if n is a positive integer. In the
present case

o(x) = /(2)@ + p)dr = \x® + pa.
Therefore a particular integral of the equation is expressed by the formula:

dnfl

Az 4 px
el
o

z =

Applying the transformation of § 2, viz

1(2X\z+p)

Z =€ Yy,

we obtain
d*y 2,2 1w
- = - = 2 .
2 ()\x + A\ux + A+2\n |y

Comparing this equation with the equation

d*y 2
Tz = (ax” + Bz + )y,
we find that:
s
A==+ =+t—
Va, p Nt
1 day—3?
=—4+ 1=
"3 8ay/a

If the value n is found to be a positive integer, then the integral of the equation is given
by the formula:

1 dr—t 2
y = 6—5(2>\x+u) 6)\1; +px
dxn—1 '

16
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8 16.

The differential equation

Py ol s ¥
d? ((ac+a>6+<x+a>5+ <x+a>4>y

can be transformed by a transformation of variables to the equation examined in the
previous two sections. Indeed, transforming this equation according to the formulae:

4 1 z
€T a = — = —
t? y t?

we obtain: )

d
d—tf = (al® + Bt +7)z.

Taking into account what has been proved in the previous section, we obtain the fol-
lowing result.
The differential equation

d? a

&y _ R A y

dx? (x+a) (x+a)P (r+a)
con be completely integrated if

1 4oy —3?
S Wl A
2 8ay/a

is an integer.

§ 17.

All the differential equations we have examined can be expressed by the one general

formula:

dy Ax* + Bx + ¢

dz? (D3 + E2? + Fa + G)Zy’
The methods of integration of this equation and the integrability conditions essentially
depend on the roots of the equation:

D+ Ex*+Fr+G=0. (17.1)

Let us indicate those sections where we examined the different particular cases.
1) The case of different roots of Equation (17.1) has been examined in § 7.
2) The case of two equal roots of Equation (17.1) has been examined in § 11.

17



18 V.P. Ermakov

3) The case of three equal roots of Equation (17.1) has been examined in § 16.
4) The case when D = 0 and the roots of equation

E?+ Fr+G=0 (17.2)

are different has been examined in § 4 and § 6.

5) The case when D = 0 and the roots of equation (17.2) are equal has been
examined in § 12 and § 13.

6) The case when D = E = 0 has been examined in § 8, § 9 and § 10.

7) The case when D = E = F = ( has been examined in § 14 and § 15.

We can transform the differential equation

d*y dy
Ex*+ F — 4+ (Hz+ K)-—=+ Ly = 0.
(Ez® + x+G)dx2+( T+ )dx+ y=0
to the standard form by applying the transformation of § 2,

f 1 (Hz+K)dx
y = ze 2 Ex24+Fz+G .

The equation becomes:
d*z Ax?> + Bx + C
[ z
de?  (Ex?+ Frx+G)?

which is a particular case of the previous equation with D = 0.

g 18.

There are many differential equations which can be reduced to the equations examined
above by a transformation of variables. We consider some of them.
The differential equation

d*y B ae®® + be® + ¢

de?2  (ae® + 3)? Y

is transformed to the form

Pz _L+at2+bt+c B
ez | 42 2(at + )

by the transformation
z
x = logt, = —

Vi
The integrability conditions of this equation can be found according to the rules devel-
oped in §§ 4,6, 8,9, 10, 12 and 13.

18



Second order differential equations: Conditions of complete integrability 19

The differential equation

2d2_y_ a(logz)? + blogz + ¢
Cdar T (alogz + )2

is transformed to the form:
dz_ 1+at2+bt—|—c
iz \4  (at+p3)2 )7

by the transformation

1
r=c¢e", y=_ze?

The integrability conditions of this equation can be found according to the rules devel-
oped in §§ 8,9, 10, 14 and 15.
The differential equation

d*y
cos? T = (asin®x + bsinx + c)y
T

is transformed to the form:

2
(t2—1)2%:{(a—i)tQ—i—bt—i—c—%}z.

by the transformation

sine =t, y=2z(1- 752)_i

According to the rule developed in § 4 this equation, and therefore the previous, is
completely integrable if

1 1
\/Z+a—b+ci\/1+a+b+ci\/ﬁ

is an odd integer. According to the rule developed in § 6 this equation is completely
integrable also in the case when two of the three numbers

1 1 1 1 1
§+\/Z+a—b+c, g tygtatbte §+¢a
are integers.

The differential equation

d2y 2
yroie (atan®x 4+ btanx + ¢)y
T

19



20 V.P. Ermakov

is transformed to the form
2

d
(2 + 1282

s = (at* + bt +c+ 1)z

by the transformation
tanz =t, y=2(t*+ 1)_%

According to the rule developed in § 4 this equation is completely integrable if
Vi+dat+t/a—c+bv—-1+t\/a—c—by—-1
is an odd integer.

Pfaff’s equation:

2

d d
(ax® + b)xzd—xz + (e’ + e)x% +(fr’ +g)y=0

can be transformed to the form

2

d
(az’ + b)*2? -

e (ax® 4 B’ +7)z.

by using the transformation from § 2. Under the transformation

g
=

1
r=15, z=st

this equation becomes

d*s {1—(52 at2+ﬁt+’y}s

5200
a2 PTE T PTSAC

The integrability conditions of this equation can be found according to the rules devel-
oped in §§ 4, 6, 8,9, 10, 12 and 13. Puttinga = = v = 0, b = 1 in the second
equation, we obtain:
d*z
dx?

This equation is known as Riccati’s equation. Using the transformation indicated above

it becomes:
,d?s ( 1— 52>
0—=|a+ s.

= az® 2.

dt? 4¢2

According to the rule developed in § 8 we find that Riccati’s equation is completely
integrable if % is an odd integer.

20



Second order differential equations: Conditions of complete integrability 21

§ 19.

Some nonlinear differential equations of the first and second order are reduced to linear
form by a transformation of the dependent variable. So the equation

d
Yoyt Ay+ B (19.1)
dx

reduces to the linear second order equation

d*z dz
— —A—+ Bz =
da? dx +Bz=0
under the transformation
_ ldz
v= zdx
The more general equation
d
d—y = A2+ By +C (19.2)
x

by a transformation of the dependent variable can be reduced to (19.1). Indeed, putting
. z
Y7 A
we obtain

T dz

This equation, as has been shown above, can be reduced to a linear second order equa-
tion.
The differential equation

dZ—ZQ 1(B+%)Z+AO.

d*y dy\? dy
— L L Al2 By—=2 +Cy* =0 19.3
Y2 N (dx) N Y oy (19.3)

by a transformation of the dependent variable can be transformed to the form of (19.2).
Indeed, putting
y=e J#d (19.4)

we obtain

dz

dz
This equation, as has been proved above, can be reduced to a linear second order
equation.

=(A+1)2>-Bz+C.

21



22 V.P. Ermakov

The particular case of Equation (19.3) when A = —1, viz

Py (dy\® | dy
e By—=+Cy* =0
Yz (dx) TRV TV ’

deserves special attention. This equation can always be completely integrated since it
reduces to the linear first order equation

dz
— +Bz=C
d:c+ Z

by the transformation (19.4).

§ 20.

Some nonlinear differential equations are related to linear second order differential
equations. E. g. if an integral of the equation

d*y

is known, we can find an integral of the equation

d*z «

where « is a constant. Eliminating M from these equations we obtain:

d ([ de  dy\ _ay
dx ydm de 23

Multiplying both sides by

the last equation becomes

d(dz  dy 2__M_yi<y>
dz ydm de ] z dx \z/~

Multiplying by dz and taking integrals of both parts we obtain:

dz dy\? _ ay?
(% - Z%) —c-% (203)

22



Second order differential equations: Conditions of complete integrability 23

If y; and ¥, are two particular integrals of Equation (20.1), then substituting them for
y in the last equation we obtain two first integrals of Equation (20.2):

dx d
dz  dy,\"_ . ap
de de o2 22

Eliminating dz/dz from these two equations,we obtain the complete integral of
Equation (20.2).

The complete integral of Equation (20.2) can also be obtained as follows. Deter-
mining dx from Equation (20.3) we obtain:

_ ydz — zdy

\/C—aZ—i'

Dividing both sides by * we can transform this to the form:

w 31()

5 = ——
Y HC;_;—@

Multiplying by C and integrating both sides we obtain:

2
C/d—f+cz,/cz—2—a.
) Y

This is the complete integral of Equation (20.2). Instead of y it is sufficient to take any
particular integral of Equation (20.1).

Conversely, if a particular integral of Equation (20.2) is known, we can find the
complete integral of Equation (20.1). Since it is sufficient to find particular integrals
of Equation (20.1), we can put C' = 0 in Equation (20.3). Thus we obtain:

d d
Y - z—y:ﬂ:g\/—a.

dr “dx z

dx

Separating variables leads to

Yy z 22

dy  dz n dr/—a
Taking integrals of both sides we obtain:
d
logy = log z &+ \/—a/ —f,
z

23



24 V.P. Ermakov

which yields
dx
Y = zZexp (:I:\/—a/—Q) .
z

Taking the upper and the lower sign we obtain two particular integrals of Eq. (20.1).

§ 21.

The theorem proved above can be generalized as follows.
If p is some known function of x and [ is some other given function, then the
complete integral of the equation

Fy d 10
a2 Vi p2° \p

can be found by means of quadratures.
Multiplying the equation by
dy dp
2(p——y—1)d
(p dx ydx) v
leads to the following form

2
105 ie) = () G)

Taking integrals of both sides and setting

p

o) =2 [ 1)

dy dp\* Yy
~_y=) =¢(2)+cC
(pdfv yd&?) SD(p "

This is the expression for a first integral of the equation. Determining dx from this
equation, we obtain:

we obtain

pdy — ydp

Dividing by p? and taking integrals of both parts we obtain:

O L &)

dr =
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25

This is the complete integral of the equation.
In the particular case when p = z, the differential equation takes the form

2.

dx? T

25
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Abstract. The Riccati equations reducible to first-order linear equations by an appropriate
change the dependent variable are singled out. All these equations are integrable by quadrature.

A wide class of linear ordinary differential equations reducible to algebraic equations is
found. It depends on two arbitrary functions. The method for solving all these equations is
given. The new class contains the constant coefficient equations and Euler’s equations as par-
ticular cases.

Keywords: Linearizable Riccati equations, Higher-order linear equations reducible to alge-
braic equations, Generalization of Euler’s equations.

The old-fashioned title of the present paper indicates that it is dedicated to quite
old topics. Namely, it deals with a problem on integration by quadrature of Riccati
equations investigated, in terms of elementary functions, by Francesco Riccati and
Daniel Bernoulli some 280 years ago for the special Riccati equations (see, e.g. [1])

y = ay* +bz®, a,b,a = const.,

and with an integration of higher-order linear equations by reducing them to algebraic
equations. The later property was discovered by Leonard Euler in the 1740s for the
constant coefficient equations

y W+ Ay Y o Ay + Ay =0, Ay,..., A, =const.,
as well as for the equations of the form
e"y™ 4+ A"y o A ey’ + Ay =0, Ay,..., A, = const.,

known as Euler’s equations.
It will be shown in what follows that these classical results can be extended to wide
classes of equations.

(© 2008 N.H. Ibragimov
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Chapter 1

Riccati equation

1 Introduction
Consider the special Riccati equation
y = ay? +bz®, a,b,a = const. (1.1)

If « = 0, Eq. (1.1) is integrable by the separation of variables:

dy

——— =duz.
ay®+b v
Another easily integrable case is « = —2. Then the change of the dependent variable
z =

y

maps Eq. (1.1) to the homogeneous equation

dz A
b’
dz [a x
which is integrable by quadrature.
F. Riccati and D. Bernoulli noted independently that Eq. (1.1) can be transformed

to the case a = 0, and hence integrable by quadrature in terms of elementary functions
if «v takes the values from the following two series:

L8 1216
Q Y 37 57 77"'7

4 8 12 16
A=—c, —=, =, —— ... (1.2)

37 57 77 97



Integration of ordinary differential equations by quadrature 29

The series (1.2) are given by the formula

4k
= — ith k=41, £2,.... 1.3
=g Wi , £2, (1.3)
It is manifest from (1.3) that both series in (1.2) have the limit « = —2. For a derivation

of the transformations mapping Eq. (1.1) with o having the form (1.3) to an integrable
form, see [1], Chapter 1, §6.
J. Liouville showed in 1841 that the solution to the special Riccati equation (1.1) is
integrable by quadrature in terms of elementary functions only if « has the form (1.3).
It is well known that the general Riccati equation

y = Pla) + Qx)y + R(x)y®

can be rewritten as a linear second-order equation. But this kind of linearization by
raising the order does not solve the integration problem. Therefore, I will investigate
a possibility of linearization of the Riccati equations without raising the order and will
show that all Riccati equations of this type can be integrated by quadrature.

2 The linearizable Riccati equations

The following theorem is closely related to the theory of nonlinear superpositions dis-
cussed in [2], Section 6.7.

Theorem 2.1. The first-order ordinary differential equation

y = flz,y) 2.1)
can be reduced to a linear first-order equation
d
o =) +q(2): 22)
by a change of the dependent variable vy,
z=z(y), (2.3)
if and only if Eq. (2.1) can be written in the form
y' =Ti(x)&(y) + Ta(x)6(y) (2.4)
such that the operators
0 0

Xi = f1(y>a—y ;o Xo=6(y) (2.5)

dy
span a two-dimensional (or a one-dimensional if X; and X, are linearly dependent)
Lie algebra called in [3] the VGL (Vessiot-Guldberg-Lie) algebra.

29



30 N.H. Ibragimov

Proof. Let Eq. (2.1) be linearizable. Then we can assume that it is already reduced by
a certain change of the dependent variable

z=((y) (2.6)
to a linear equation (2.2),

Z = pla) + (o)

The VGL algebra associated with Eq. (2.2) is two-dimensional and is spanned by the
operators

X1=%, ngz%- 2.7
The form of Eq. (2.4) and the algebra property [ X1, Xo] = aX; + (X5 remain unal-
tered under any change (2.3) of the dependent variable. Therefore, rewriting Eq. (2.2)
in the original variable y = (~'(z) obtained by the inverse transformation to (2.6),
we arrive at an equation of the form (2.4) for which the operators (2.5) span a two-
dimensional Lie algebra. Since the equation obtained from Eq. (2.2) by the inverse
transformation to (2.6) is the original equation (2.1) we have proved the “only if” part
of the theorem.

Let us prove now the “if” part of the theorem. Namely, we have to demonstrate that
any equation of the form (2.4) such that the operators (2.5) span a two-dimensional Lie
algebra, is linearizable. If the operators (2.5) are linearly dependent, then &, (z) =
v&1(z), v = const., and hence Eq. (2.4) has the form

y' = [Ti(z) +~Ta(x) & (y).
It can be reduced to the linear equation
2 =T(z) +7Tx().

upon introducing a canonical variable z for

X1=& (y)%
by solving the equation X;(z) = 1.

Suppose now that the operators (2.5) are linearly independent. It is clear that Eq.
(2.9) will be linearized if one transforms the operators (2.5) to the form (2.7). One can
assume that the first operator (2.5) has been already written, in a proper variable z, in
the form of the first operator X, given in (2.7):

0

X, = —.
Y702

30



Integration of ordinary differential equations by quadrature 31

Let the second operator (2.5) be written in the variable z as follows:

0
Xy = f(Z)E )
We have 9
(X1, Xo] = f/(Z)a

and the requirement [ X, X5] = aX; + X, that X;, X, span a Lie algebra L, yields
the differential equation

fl=a+pf,

where not both o and (3 vanish because otherwise the operators X; and X, will be
linearly dependent. hence f’(z) # 0. Solving the above differential equation, we
obtain

f=az+C if B=0,
f:()eﬁz_% it 80,

d
f=ar+C = X2:a$£+C’X1, if b=0,

d
— Xy=Ce = X it b0

_ bx_g
f=C0et =7 dr b

In the first case we have

XQ = azg + OXh
0z

and hence a basis of L, is provided by (2.7). In the second case we have

0 «
XQ:Ceﬁza—BXh

and one can take basis operators, by assigning 3z as new z, in the form

X1 = g s X2 = ¢? % .
Finally, substituting Z = e~ * we arrive at the basis (2.7), thus completing the proof of
the theorem.

The following theorem characterizes all Riccati equations that can be reduced to
first-order linear equations by changing the dependent variable (see [4], Russian ed.,
Theorem 4.3; [3], Section 11.2.5 and Note [11.4]; see also Theorem 3.2.2 in [2]).
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32 N.H. Ibragimov

Theorem 2.2. The following two conditions 1° and 2° are equivalent and provide the
necessary and sufficient conditions for the Riccati equation

y' = P(x) + Q(z)y + R(x)y? (2.8)

to be linearizable by a change of the dependent variable (2.3), z = z(y).
1°. Eq. (2.8) has a constant solution y = ¢ including ¢ = cc.
2°. Eq. (2.8) has either the form

y' = Q(z)y + R(z)y* 2.9)
with any functions Q(x) and R(x), or the form
Y = P(x) + Q@)y + HQ(@) — kP()]y? (2.10)
with any functions P(z), Q(z) and any constant k.

Proof. The conditions 1° and 2° are equivalent. Indeed, let Eq. (2.8) have a constant
solution y = c. Then

0= P(z) + Q(x)c + R(x)c>. (2.11)
If c = 0, Eq. (2.11) yields P(z) = 0, and hence Eq. (2.8) has the form (2.9). If ¢ # 0,
Eq. (2.11) yields

R(z) = —C—l2 [P(z) + cQ(z)] = —% (Qz) + % P(z)].

Denoting k = —1/c we get

R(z) = k[Q(z) — kP(z)].

Hence Eq. (2.8) has the form (2.10). Thus, we have proved that 1° = 2°.

Conversely, let Eq. (2.8) satisfy the condition 2°. It is manifest that Eq. (2.9)
has the constant solution y = 0. Furthermore, one can verify that Eq. (2.10) has the
constant solution y = —1/k. This proves that 2° = 1°.

Let us turn to the necessary and sufficient conditions for linearization. The opera-

tors
0

Xl:ya_y’ X22y26_y

associated with Eq. (2.9) have the commutator [X;, X5] = X5, and hence span a
two-dimensional Lie algebra. Furthermore, the operators

) )
X, =(1-k22)—=—. X,= 2y 2
1= ( ky)ay, 2 (y+ky)ay
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Integration of ordinary differential equations by quadrature 33

associated with Eq. (2.10) have the commutator [ X1, X5] = X; + 2k X,. Hence, they
also span a two-dimensional Lie algebra. Therefore, according to Theorem 2.1, the
condition 2° is sufficient for linearization.

Note that the equation y' = P(x) + Q(x)y can be regarded as a particular case
of Eq. (2.10) with £ = 0. Since Eq. (2.10) has the constant solution y = —1/k, we
conclude that the linear equation ¢y’ = P(x) + Q(z)y has the constant solution y = co.
We conclude that any linearizable equation has a constant solution because the change
of the dependent variable z = z(y) maps a constant solution into a constant solution of
the transformed equation. Hence, the condition 1° is necessary for linearization. This
completes the proof of the theorem due to the equivalence of the conditions 1° and 2°.

Now we will use Theorem 2.2 for integrating the linearizable Riccati equations.
We will find linearizing transformations for the equations (2.9) and (2.10). We will
assume that k£ in Eq. (2.10) is a real number.

3 Linearization and integration of Equation (2.9)

Invoking Egs. (6.7.5), (6.7.6) from [2], replacing there ¢ and z* by z and y, respectively,
and identifying 77 (¢) and T5(t) with Q(z) and R(x), respectively, we see that the VGL
(Vessiot-Guldberg-Lie) algebra associated with Eq. (2.9) is a two-dimensional algebra
Lo spanned by the operators

0 0

X1=ya—y, X2:y28—y'

Their commutator is [ X, X5| = X5. Introducing the new basis
X{ = Xo, Xé =-X;

i.e. taking
0 0
X ==, Xj=—y— 3.1

we have a basis in L, satisfying the commutator relation
(X7, X5 = X1 (3.2)

Let us find a change of the dependent variable, z = z(y), such that Eq. (2.9) becomes
a linear equation (2.2),

dz

dx

The VGL algebra of this equation is spanned by the operators (2.7),
0 0

71:—, 7222’&

= p(x) +q()z.
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whose commutator has the same form as Eq. (3.2), i.e. [Yl,yg] = X,. Con-
sequently, the linearizing transformation z = z(y) is determined by the equations
Xi(z) =1, X}(2) =z, or

y'—=1, —y— =z (3.3)

Integrating the first equation (3.3) we obtain

1
z=——+4A.
Y
Substituting in the second equation (3.3) we get A = 0. Thus, the linearizing transfor-
mation is

1
z2=—=" (3.4)
Yy
In this variable, Eq. (2.9) becomes the linear equation
Z'=R(x) — Q(x)z, (3.5)

whence
z= [C + /R(x)efQ(w)dm dx] e~ /@@ o — const.

Substituting in Eq. (3.4) we finally arrive at the solution to Eq. (2.9):
: -1
y=— [C + / R(z)e! @@4d dw} ol Q@dz, (3.6)

Remark 3.1. In Section 13.1 the solution (3.6) is obtained by an alternative method.

Example 3.1. Consider the equation

Y
Yy ==+ R(x)y".
x
By Eq. (3.6) yields its solution

X

v= C—fo(m)dx.

Example 3.2. The equation
Yy

y/ _ < + 3$y2
x
is a particular case of the previous equation. Its solution is
T

y:C—xz.
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Example 3.3. The equation

has the solution

et

© where Ei(:l:):—/—dt.

y:C—I—Ei(:U)’

t

4 Linearization and integration of Equation (2.10)

Now we identify the coefficients P(x) and Q(z) of Eq. (2.10),
y' = P(x) + Qz)y + k[Q(x) — kP(z)ly”, (2.10)

with the coefficients 7' (t) and T5(t) of Egs. (6.7.5), (6.7.6) from [2] and associated
with Eq. (2.10) the VGL algebra spanned by the operators

0 0
Xi=(1-Ky)—, Xo=(y+ky’)=—-
Their commutator is [ X7, X5] = X 4+ 2kX,. We assume that k£ # 0, since otherwise
Eq. (2.10) is already linear. Therefore, setting

X, = X1 +2kXy, X, =—X1/(2k)

we obtain the new basis

1

o 4.1

(k2y2 _ 1)&

0
X{:<1+ky)2_7 Xé: aya

Ay
satisfying the commutator relation (3.2), [ X/, X}| = X].
The transformation z = z(y) of the operators (4.1) to the form (2.7) is determined

by the equations
Xi(z) =1, X3(2) =2,

or
dz 1 dz
1+ky)y—=1, —(Ky’—1)— ==z 4.2
Integrating the first equation (4.2) we obtain
1
— A _
: k(1 + ky)
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Substituting in the second equation (4.2) we get A = 1/(2k). Thus, the linearizing
transformation is

ky —1
=—" 4.3
© T e(ky + 1) “-3)
Eq. (4.3) yields:
1+ 2kz
= — 4.4
Y7 k(= 2k2) @4
Substituting (4.4) in Eq. (2.10) we arrive at the linear equation
1
7 = o Q(z) + [Q(z) — 2kP(x)] =, (4.5)
whence
- [C N / Q(w)el BEP@-Qie g | of1Q0)-2kP(@)ds 4.6)
2k
Substituting (4.6) in (4.4) we will obtain the solution to Eq. (2.10).
Example 4.1. Let us integrate the equation
y = x + 2xy + vy 4.7)

Here
Px)=z, Qx)=2z, k=1

Therefore the linearized equation (4.5) is written 2/ = x. Integrating it and denoting
the constant of integration by C'/2, we obtain

z—%(C—i—xQ)

in accordance with Eq. (4.6). Substituting the above z in Eq. (4.4) we obtain the
following solution to Eq. (4.7):

14+ C+a?
=—7- 4.
V=102 (4.8)
Remark 4.1. Eq. (4.7) can also be integrated by separating the variables.
Example 4.2. The equation
1
Yy =2+ (z+2*)y+ -2z +27)y (4.9)

4
has the form (2.10) with

P(x):xQ’ Q($)=$+x27 k=_.
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The linearized equation (4.5) is written
Z=z+ 242z

and has the solution
z= (C’ + /(I +a?)e "2 da:) ™12,

Substitution in Eq. (4.4) yields
1+z2

11—z

y=2
Hence, the solution to Eq. (4.9) is given by

1+ (C’ + [(x 4 2?)e =/ da:) e*’/2

. 4.10
1—(C+ [(z+ 2?)e**/2dx) e**/? (+-10)

y=2
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Chapter 2

Higher-order linear equations
reducible to algebraic equation

6 Introduction
The linear ordinary differential equations with constant coefficients
y W Ay Y o Ay + Ay =0, Ay,..., A, = const., (6.1)
and Euler’s equations
2"y 4+ Ay o A ey + Ay =0, Ay, .., A, = const., (6.2)

are discussed practically in all textbooks on differential equations. They are useful
in applications. The most remarkable property is that both equations (6.1) and (6.2)
are reducible to algebraic equations. Namely, their fundamental systems of solutions,
and hence the general solutions can be obtained by solving algebraic equations. Then
one can integrate the corresponding non-homogeneous linear equations by using the
method of variation of parameters. It is significant to understand the nature of the
reducibility and to extend the class of linear equations reducible to algebraic equations.

In the present paper we will investigate this problem and find a wide class of linear
ordinary differential equations that are reducible to algebraic equations. The new class
depends on two arbitrary functions of x and contains the equations (6.1) and (6.2) as
particular cases. The method for solving all these equations is given in Sections 9 and
11, and illustrated by examples in Section 10.

The main statement for the second-order equations is as follows (Section 9).

Theorem 6.1. The linear second-order equations
P(z)y" + Q(z)y + R(z)y = F(x)
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whose general solution can be obtained by solving algebraic equations and by quadra-
tures, have the form

#y' 4 (A+d — 206y + (B— Aot ot~ ooy =F(z).  (63)

where ¢ = ¢(x), 0 = o(x) and F(x) are arbitrary (smooth) functions, and A, B =
const. The homogeneous equation (6.3),

¢’y + (A+ ¢ —20)py + (B— Ao +0° — ¢o')y =0, (6.4)
has the solutions of the form
f o(z)+A d
y=-e @ 7 (6.5

where )\ satisfies the characteristic equation

N+ AN+ B =0. (6.6)
If the characteristic equation (6.6) has distinct real roots A; # )., the general solution
to Eq. (6.4) is given by

Co@) A g, a(@)Ag 4

y(z) = K, ol Tow + K, o] To@ ¥ K, Ky = const. (6.7)

In the case of complex roots, \; = v + i, Ay = v — 16, the general solution to Eq.
(6.4) is given by

y(z) = [Kl oS (9 %) + K5 sin (0 %)} of “5 de (6.8)

If the characteristic equation (6.6) has equal roots A\; = \,, the general solution to Eq.
(6.4) is given by

d o(x)+A
y= [K1 + Ky %} o o K, Ky = const. (6.9)
T

The general solution of the non-homogeneous equation (6.3) can be obtained by the
method of variation of parameters.

Remark 6.1. The equations with constant coefficients and Euler’s equation are the
simplest representatives of Egs. (6.4). Namely, setting ¢(x) = 1, o(x) = 0 we obtain
the second-order equation with constant coefficients

y'+ Ay + By =0,
and Eq. (6.5) yields the well-known formula
y=er7,
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where ) is determined by the characteristic equation (6.5).
If we set ¢(x) = z, o(x) = 0, we obtain the second-order Euler’s equation (6.2)
written in the form

2%y + (A+ Day + By = 0.
Then Eq. (6.5) yields the particular solutions for Euler’s equations:

A
y—[E,

where ) is determined again by the characteristic equation (6.5). For details, see Sec-
tion 10. For other functions ¢(z) and o(z) = 0, Egs. (6.5) are new.

7 Constant coefficient and Euler’s equations from the
group standpoint

For the sake of simplicity, we will consider in this section second-order equations

y' + f(x)y + g(x)y = 0. (7.1)

7.1 Equations with constant coefficients

The usual approach to equations with constant coefficients
y'+ Ay + By =0, A, B = const. (7.2)

Eq. (7.2) is invariant under the one-parameter groups of translations in = and dilations
in y, since it does not involve the independent variable = explicitly (the coefficients A
and B are constant) and is homogeneous in the dependent variable y. In other words,
Eq. (7.2) admits the generators

0 0
X == Xo=y— 7.3
of the translations in x and dilations in y. We use them as follows [3].
Let us find the invariant solution for X = X; + A X5, i.e.
0 0
X = 7 + )\ya—y A = const. (7.4)
The characteristic equation
dy _\do
Yy x
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of the equation

oJ oJ
XJ)==—+y=—=0
(J)=-+Xy 9
for the invariants .J(z, y) yields one functionally independent invariant
J=ye ",

According to the general theory, the invariant solution is given by J = C with an
arbitrary constant C. Thus, the general form of the invariant solutions for the operator
(7.4)is

y = CeM, (= const.

Since Eq. (7.2) is homogeneous one can set C' = 1 and obtain Euler’s substitution:
y = e (7.5)

As well known, the substitution (7.5) reduces Eq. (7.2) to the quadratic equation (char-
acteristic equation)
N+ AN+ B =0. (7.6)
If Eq. (7.6) has two distinct roots, A\; # )Xo, then Eq. (7.5) provides two linearly
independent solutions

Alx

Aoz
h=¢€ ) 922627

and hence, a fundamental set of solutions. If the roots are real, the general solution to
Eq. (7.2) 1s
y(r) = K1eM* + Kye™® K, Ky = const. (7.7)

If the roots are complex, A\; = v + 0, Ay = 7 — i#, the general solution to Eq.
(7.2) is given by

y(x) = [Kj cos(Ox) + Kysin(fz)] e, K, Ky = const. (7.8)

In the case of equal roots A\; = )\, standard texts in differential equations make a
guess, without motivation, that the general solution has the form

y(r) = (K1 + Kyz)eM*, Ky, Ky = const. (7.9)
The motivation is given in [3], Section 13.2.2, and states the following.

Lemma 7.1. Eq. (7.2) can be mapped to the equation z” = 0 by a linear change of the
dependent variable

y=o(x)z, ofx) #0, (7.10)

if and only if the characteristic equation (7.6) has equal roots. Specifically, if \; = Ao,
the substitution
y = zeM?® (7.11)
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carries Eq. (7.2) to the equation z” = 0. Substituting in (7.11) the solution z =
K; + Ky x of the equation z” = 0, we obtain the general solution (7.9) to Eq. (7.2)
whose coefficients satisfy the condition of equal roots for Eq. (7.6):

A% — 4B =0. (7.12)

Proof. The reckoning shows that after the substitution (7.10) Eq. (7.1) becomes (see,
e.g. [2], Section 3.3.2)
2"+ 1(x)z =0,

where
1

1) = (&) — 1 (@) — 5 (@)

and the function () in the transformation (7.10) has the form
o(x) = e 2 /@i (7.13)
Hence, Eq. (7.1) is carried into equation z” = 0 if and only if /(x) = 0, i.e.
f2(z) +2f'(x) — 4g(z) = 0. (7.14)

In the case of Eq. (7.2), the condition (7.14) is identical with Eq. (7.12), and the
function o () given by Eq. (7.13) becomes

i (7.15)

Furthermore, under the condition Eq. (7.12), the repeated root of Eq. (7.6) is A\ =
—A/2. Therefore Eq. (7.15) can be written

o(z) =eM”
and we arrive at the substitution (7.11), and hence at the solution (7.9), thus proving
the lemma.

7.2 Euler’s equation

Consider Euler’s equation
2?y" + Axy +By=0, A,B = const. (7.16)

It is double homogeneous (see [2], Section 6.6.1), i.e. admits the dilation groups in z
and in y with the generators

Xi=2r2—, Xo=y—- (7.17)
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We proceed as in Section 7.1 and find the invariant solutions for the linear combination
X=X 1 + )\XQ .

0 0
X =x— +y—, A= const. (7.18)
ox dy
The characteristic equation
dy dx
A Wk
Yy x

of the equation X (.J) = 0 for the invariants .J(z, y) yields the invariant
J=yax
for the operator (7.18). The invariant solutions are given by J = C, whence
y=Cz* C = const.
Due to the homogeneity of Eq. (7.2) we can set C' = 1 and obtain
y =2 (7.19)
Differentiating and multiplying by x, we have:
vy = xt, 2y = A\ — 1)z

Substituting in Eq. (7.18) and dividing by the common factor C'z* we obtain the
following characteristic equation for Euler’s equation (7.16):

M+ (A-DA+B=0. (7.20)

Remark 7.1. According to Egs. (7.6), (7.20), the characteristic equation for Euler’s
equation written in the form

2y +(A+1)zy +By=0 (7.21)

is identical with the characteristic equation (7.6) for Eq. (7.2) with constant coeffi-
cients.

8 New examples of reducible equations

8.1 First example

Let us find the linear second-order equations (7.1),
y' + f(@)y + g(x)y = 0, (7.1)
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admitting the operator

0
X1 =a%— 8.1
where « is any real-valued parameter. Taking the second prolongation of X,
e} 0 a—1 0 a—2 a—1 d
X, =z 5 O y’a—y/ — [aa = 1)z 2y + 22°71y"] oy
we write the invariance condition of Eq. (7.1),
X'+ @)y + ()| =0
and obtain:
2?22 f +axf — ala— 1))y + 2 g + 2ag]y = 0. (8.2)

Since Eq. (8.2) should be satisfied identically in the variables z, y, v/, it splits into two
equations:
2?2 +arf—ala—1)=0, zg +2ag=0. (8.3)

Solving the first-order linear differential equations (8.3) for the unknown functions
f(z) and g(z), we obtain:

f(z) = 2 + Az~ g(xr) = Bx**, A, B = const.
x
Thus, we arrive at the following linear equation admitting the operator (8.1):
2y + (Az® 4+ az®* ')y + By=0, A, B = const. (8.4)

Remark 8.1. When a = 0, Eq. (8.4) yields the equation (7.2) with constant coeffi-
cients. When o = 1, Eq. (8.4), upon setting A + 1 as a new coefficient A, coincides
with Euler’s equation (7.16).

Since Eq. (8.4) is linear homogeneous, it admits, along with (8.1), the operator

0

X2:y8_y'

Now we proceed as in Section 7 and find the invariant solutions for the linear combi-
nation X = X; + A\ X5 :

X = xa% + )\y% , A = const.
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Let a # 1. The characteristic equation

d d
dy _\ du
Y 2
of the equation X (.J) = 0 for the invariants .J(z, y) yields the invariant
J=yes1® "
Hence, the invariant solutions are obtained by setting J = C', whence letting C' = 1
we have

Differentiating we have:

et et

—a _ —a— ..
y/:)\x X eTia 7 y//: [)\21, 204_)\051: o 1]el—ax

Substituting in Eq. (8.4) and dividing by the non-vanishing factor e s Il_a, we obtain
the following characteristic equation for Eq. (8.4):

M4+ AN+B=0. (8.6)

Eq. (8.6) is identical with the characteristic equation (7.6) for the equation (7.2) with
constant coefficients.

Remark 8.2. Eq. (8.5) contains Euler’s substitution (7.5) for the equation (7.2) with
constant coefficients as a particular case o = 0.

Remark 8.3. Using the statement that Eq. (7.1) is mapped to the equation 2" = 0 if
and only if the function

1 1
I(z) = g(z) — ZfQ(x) ) f'(z)
vanishes (see Lemma 7.1), one can verify that Eq. (8.5) is equivalent by function to

the equation z” = 0 if and only if
A’ —4B=0 and a=0ora=2. (8.7)

The first equation in (8.7) means that the characteristic equation (8.6) has a repeated
root, and hence there is only one solution of the form (8.5). Then, using the reasoning
of Lemma 7.1 we can show that the general solution to Eq. (8.4) with A? — 4B =
0, a = 2, 1.e. of the equation

A2 B
y”+<—2+—)y’+—4y=0, A? —4B =0,
T T T

is given by .
y = (K1 + ?2) e s, (8.8)

where K, K, are arbitrary constants and A is the repeated root of the characteristic
equation (8.6). For a more general statement, see Section 10.
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8.2 Second example

Let us find the linear second-order equations (7.1) admitting the projective group with
the generator

0 0
X, =2~ — 8.9
L= % 5 +xy8y 8.9)
Taking the second prolongation of the operator (8.9),
0 0 0 0
X — 2 7 e . n_~ _3 Vi
1= +a:y8y + (y :Cy)ay, W
and writing the invariance condition of Eq. (7.1),
Xi(y" + f(2)y + g(x)y) oy =0
we obtain:
z(xf +2f)y + (2*g + 4dzg + f)y = 0. (8.10)
Egs. (8.10) yield:
A B A
f(x): P’ 9(1‘) = E_E’ A, B = const.

Thus, we arrive at the following linear equation admitting the operator (8.9):
o'y + Az*y + (B — Ar)y =0, A, B = const. (8.11)

Eq. (8.11) is linear homogeneous, and hence admits, along with (8.9), the operator

0

XZ:ya_y.

Now we proceed as in Section 7 and find the invariant solutions for the linear combi-
nation X = X; + A\ X5 :

X:x2£+(1’+)\)

—, A= const.
Ox y@y
Rewriting the characteristic equation of the equation X (.J) = 0 for the invariants
J(x,y) in the form
dy x+ A
P
Y x
we obtain the invariant
Yy 2
J==e=.
x
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Setting J = C' and letting C' = 1 we obtain the following form of the invariant solu-

tions:
A

y=1xe =. (8.12)

Substituting (8.12) in Eq. (8.11) we reduce the differential equation (8.11) to the alge-
braic equation

M4+ AN+B=0

which is identical with the characteristic equation (7.6) for the equation (7.2) with
constant coefficients.

Example 8.1. Solve the equation

Y+ w_4 =0, w = const. (8.13)
T

This is an equation of the form (8.11) with A = 0, B = w?. The algebraic equa-

tion (7.6) yields \; = —iw, Ay = iw, and hence we have two independent invariant
solutions (8.12):

i@ i
xT

Yy =ree, Yy = e

Taking their real and imaginary parts, just like in the case of constant coefficient equa-
tions, we obtain the following fundamental system of solutions:

Y1 = T COS (u—)) , Yo = sin <£> : (8.14)
x x

Hence, the general solution to Eq. (8.12) is given by

=z [Creos (2) + Cusin () ]

We can also solve the non-homogeneous equation

Y+ = Fla), (8.15)
e.g. by the method of variation of parameters, and obtain

y==x [C’l CoS <%) + Cy sin <%> } (8.16)

+ g [cos (%) /:UF(QC) sin (g) dx — sin (%) /:IZ‘F(:IZ') cos (%) dx]
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9 The general result for second-order equations

9.1 Main statements

Note that the operators given in Eqs. (7.3), (7.17), (8.1), (8.9) are particular cases of
the generator

0 0
Xy = ¢($)a—x + O(w)y@ ©.1)

of the general equivalence group of all linear ordinary differential equations. We will
find now all linear second-order equations (7.1) admitting the operator (9.1) with any
fixed functions ¢(z) and o ().

Taking the second prolongation of the operator (9.1),

3 a / / / a 1 /! Vi / / /" a
X, :qb%—iraya—y—l—[ay—i-(a—(b)y}a—yﬁ%‘j y+ 20—y + (0 —2¢)y L‘?y”’

and writing the invariance condition of Eq. (7.1),

X'+ @) + ()| =0

we obtain:
(@f + f¢' +20" = ¢")y' + (8" + 2¢'g + fo' +0")y = 0.
It follows:
of' + f¢' 420" —¢" =0,
o9 +2¢'g+ fo' + 0" = 0. 9.2)

The first equation (9.2) is written

(6f)" = (¢' —20)

and yields:
@)=

Substituting this in the second equation (9.2), we obtain the following non-homogeneous
linear first-order equation for determining ¢(z) :

[A+¢' —20], A= const. (9.3)

/

od +20'g = —o" — % [A+¢ —20]. (9.4)

The homogeneous equation
¢(x)g' +2¢/(x)g =0
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with a given function ¢(z) yields

C
g =
¢*(x)
By variation of the parameter C', we set
u(z
9= 2( ) )
¢*(z)

substitute it in Eq. (9.4) and obtain:

U = —Ad’ + 200 — @0’ — ¢po”" = —(Ac) + (%) — (¢c'),

whence
u=DB— Ao +0® — ¢o’, B = const.
Therefore, )
g=——|B— Ao+ c*— ¢o’|. 9.5)
¢*(x)

Thus, we have arrived at the following result.

Theorem 9.1. The homogeneous linear second-order equations (7.1) admitting the op-
erator (9.1) with any given functions ¢ = ¢(x) and o = o(z) have the form

?*y' + (A+¢ —20)py + (B — Ao +0° — ¢o’)y = 0. (9.6)
Now we use the homogeneity of Eq. (9.6) characterized by the generator
0
Xo=y—-
2=Y By

Namely, we look for the invariant solutions with respect to the linear combination
X=X1+2Xy:
X = ¢(x) 0 + (o(z) + N 0 A = const
= —_— g —_— y = .
ox y@y

and arrive at the following statement reducing the problem of integration of the differ-
ential equation (9.6) to solution of the quadratic equation, namely, the characteristic
equation as in the case of equations with constant coefficients.

Theorem 9.2. Eq. (9.6) has the invariant solutions of the form

f o(z)+A dz

y=el @ o 9.7)
where )\ satisfies the characteristic equation

A4+ AN+ B=0. (9.8)
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Proof. We solve the equation X (J) = 0 for the invariants J(x,y), i.e. integrate the
equation

d A
dy _ o(z)+ e
y o(x)
and obtain the invariant
_ o)+ dx

Setting J = C' and letting C' = 1 we obtain Eq. (9.7) for the invariant solutions. Thus,
we have:

C o (x)+A A a@)+A 4

Y = e-f d)(ﬂ:g da:’ y/ = g+ l (;) dz (99)
1 s o(z)+A

v == [0+ 0 = (04 00+ 00'] of 5

¢?
Substituting (9.9) in Eq. (9.6) we obtain Eq. (9.8), thus completing the proof.

9.2 Distinct roots of the characteristic equation

It is manifest that if the characteristic equation (9.8) has distinct real roots A\; # o,
the general solution to Eq. (9.6) is given by

c@) A gy o (@)+

y(x) = Kiel o0 * 4 Kyel e * K Ky = const. (9.10)

In the case of complex roots, A\; = v+ 0, Ay = v — 16, the general solution to Eq.
(9.6) is given by

d d o)t
K, cos ( (b(x)) + K sin ( ¢($))] e e de. (9.11)

y(z) =

9.3 The case of repeated roots

Theorem 9.3. If the characteristic equation (9.8) has equal roots A\; = \g, the general
solution to Eq. (9.6) is given by

d ~o(x)+A
Y= |:K1 + Ky WIE)] el o K, K, = const. (9.12)
x

Proof. Let us new variables ¢ and z defined by the linear first-order equations

X1<t>z¢<x>a—;+o<x>y§—;:1, NH=yL-o @13
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and
X&) =0 gl g =0, Ne)=yg =z 014
respectively. Egs. (9.13) are easily solved and yield
P (9.15)

()

Integration of the second equation (9.14) with respect to y gives

z =v(x)y.
Substituting this in the first equation (9.14) we obtain
d @ g,
o(x) d_v +o(x)v=0, whence v=e ok
x
Thus,
o(x)
p=ye e, (9.16)

The passage to the new variables (9.15), (9.16) converts the operator X; given by
(9.1) to the translation generator without changing the form of the dilation generator
X5. In other words, upon introducing the new independent and dependent variables ¢
and z given by (9.15) and (9.16), respectively, we arrive at the operators (7.3). Hence,
in the new variables, Eq. (9.16) becomes an equation with constant coefficients. In-
voking that the equations (9.6) and (7.2) have Eq. (9.8) as their common characteristic
equation, we use Lemma 7.1 and write

z = (K1 + K2 t) e’\lt.

Substituting this in Eq. (9.16) and replacing ¢ and 2 by their expressions (9.15) and
(9.16), respectively, and solving for y, we finally arrive at Eq. (9.12).

Remark 9.1. We can easily solve the non-homogeneous equation Eq. (9.6):
O*y' + (A+ ¢ —20)9y + (B— Ao+ 0 — ¢o')y = F(x). (9.17)
Namely, we rewrite Eq. (9.6) in the form
y' +a(x)y +b(x)y = Px)
and employ the representation of the general solution (see, e.g. [2], Section 3.3.4)

= Kunla) + Kano) = (o) [ 200 do (o) [ 2507 dr 0.18)

furnished by the method of variation of parameters. Here

W(z) = yi(2)ya(2) — y2(z) (2)
is the Wronskian of a fundamental system of solutions y;(x), y2(x) for the homoge-

neous equation
y' +alz)y +b(x)y = 0.
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10 Examples to Section 9

Euler’s substitution (7.5) as well as the solutions (7.19), (8.5) and (8.12) are encapsu-
lated in Eq. (9.7). We will consider now these and several other examples.

Example 10.1. Let us take ¢(x) = 1, o(x) = 0. Then Egs. (9.6), (9.7) and (9.12)
coincide with Egs. (7.2), (7.5) and (7.9), respectively. Eq. (9.11) becomes (7.8).

Example 10.2. Let us take ¢(z) = =, o(z) = 0. Then Eq. (9.6) becomes Euler’s
equation written in the form (7.21), Eq. (9.7) yields Eq. (7.19) for invariant solutions,
whereas Eq. (9.12) provides the general solution

y(r) = (K1 + Ky Inz) 2™ Ky, Ky = const., (10.1)

to Euler’s equation (7.21) whose characteristic equation (7.6) has equal roots. Eq.
(9.11) leads to the following solution for complex roots A\; = v + 0, Ao =y — 6 :

y(x) = [Kjcos(@Inzx) + Kysin(fInz)] 2”. (10.2)

Example 10.3. Let us take ¢(x) = x%, o(z) = 0. Then Egs. (9.6) and (9.7) coin-
cide with Eqgs. (8.4) and (8.5), respectively, whereas Eq. (9.12) provides the general
solution R

y(z) = (K1 + K> xlfa)eﬁ 7Ky, Ky = const., (10.3)
to Eq. (8.4) whose characteristic equation (8.6) has equal roots A; = Xs. Eq. (10.3)
extends the solution (8.8) to all equations (8.4) with with the coefficients A, B, C sat-
isfying the condition (7.12) of equal roots for the characteristic equation (8.6).

Example 10.4. Let us take ¢(z) = 1 + 2%, o(x) = x. Then Eq. (9.6) becomes

2

(14+2*)"y" +(1+2*)Ay + (B— Az —1) =0. (10.4)

Working out the integral in Eq. (9.7),

A A
/%dx:/idx—l—/ dr =InvV1+ 22 + X arctan z,
o(z) 1+ 22 14 22
we obtain the following expression for the invariant solutions:

y = /1 —|—ZE2 e)\ arctanx’ (105)

where ) satisfies the characteristic equation (9.8):

A4+ AN+ B=0. (10.6)
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If the characteristic equation (10.6) has distinct real roots, A\; # Ao, the general
solution to Eq. (10.4) is given by

y(x) _ m [Kl e)\l arctan x + K2 e)\g arctanx} . (107)

In the case of complex roots, \; = v+ 16, Ay = v —if, the general solution to Eq.
(10.4) is given by

y(r) = [K; cos (0 arctan z) + Ky sin (6 arctan z)] V1 + 22 e* 2 (10.8)

Finally, if the characteristic equation (10.6) has equal roots \; = Ao, the general
solution to Eq. (10.4) is given by

y(x) = (K1 + K, arctan x) V14 a2 ¢t arctane, (10.9)

Example 10.5. Consider Eq. (10.4) with A = 0, B = w?. Then, according to Exam-
ple 10.4, the equation

(1+22)7y" + (W= 1)y =0 (10.10)
has the following general solution:
y(z) = [K; cos (w arctanz) + Kj sin (w arctan z)] V1 + 22 (10.11)
Example 10.6. Let us solve the non-homogeneous equation
1422y + (W — 1)y = F(z), (10.12)

Example 10.5 provides the fundamental system of solutions
y1 = V14 22 cos (w arctanx), 1y = V1 + 2?2 sin (w arctan z)

for the homogeneous equation (10.10). We have:

1
1 = ———= [z cos (w arctan x) — wsin (w arctan x)],

hr= V14 a2
, 1
Yo = F——
vVi+x
Hence the Wronskian is Wy, y2] = y1y5 — y2y; = w. Now we rewrite Eq. (10.12), in
accordance with Remark 9.1, in the form

w? —1 F(x)
VTR = T (10.13)

use Eq. (9.18) and obtain the following general solution to Eq. (10.12):
y(x) = V14 22 [Kl cos (w arctanx) + K, sin (w arctan z)

[z sin (w arctanz) + w cos (w arctan z)] .

1 F
— = cos (w arctan x) / (14_(% sin (w arctan z) dz (10.14)

1 F
+ " sin (w arctan z) / ﬁ cos (w arctan ) dzx|.
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11 Third-order equations

The previous results can be extended to higher-order linear ordinary differential equa-
tions. I will discuss here the third-order equations

y" + f(x)y" + g(x)y + h(z)y = 0. (11.1)

Theorem 11.1. The homogeneous linear third-order equations (11.1) admitting the
operator (9.1) with any given ¢ = ¢(x) and ¢ = o(z) have the form

Oy + [A+3(¢ —0)]”y” (11.2)
+ [B+ A¢ — 240 + ¢¢" + (¢')? — 3(¢0) + 30| pyf
+ [C = Bo + Ac® — Ago’ — 0° — ¢*c” — ¢¢'0’ + 3poo’] y = 0.

Proof. We take the third prolongation of the operator (9.1):

R o ., Y
X1—¢ax+ayay+[ay+(a (b)y}—@y/
1 ! /! ! !/ /! a
+ [0"y+ (20" = ¢")y +(0—2¢)y]ay,,
" 1 " / ! /! /! / " 8
o™y (30" = ¢y 430" = "y + (0 = 30" 5 5

and write the invariance condition of Eq. (11.1):

Xi(y" + f(@)y" + g(x)y" + h(z)y) e 0.

We annul the coefficients for y”, 1’ and y of the left-hand side of the above equation
and split it into the following three equations:

of +¢'f+3(0" —¢") =0, (11.3)
¢g' +2¢'g+ (20" — ¢") f — ¢" + 30" =0, (11.4)
oh' +3¢'h+d"f+0o'g+ " =0. (11.5)
Eq. (11.3) is written
(0f) =3(¢" = o)
and yields:
f= % [A+3(¢' —0)], A= const. (11.6)
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We substitute (11.6) in Eq. (11.4), integrate the resulting non-homogeneous linear
first-order equation for g and obtain:

g= % [B+ A¢' — 240 + ¢¢" + (¢)* — 3(¢0) + 357, (11.7)

where B is an arbitrary constant. Now we substitute (11.6), (11.7) in Eq. (11.5),
integrate the resulting first-order equation for ~ and obtain:

h C — Bo + Ao? — Apo’ — 0% — ¢*0" — ¢p¢'o’ + 3@500’}, (11.8)

zg[

where (' is an arbitrary constant. Finally, substituting (11.6), (11.7) and (11.8) in Eq.
(11.1), we arrive at Eq. (11.2).

Theorem 11.2. Eq. (11.2) has the invariant solutions of the form (9.7),

o(z)+A
y=el Towr & 9.7)

where )\ satisfies the characteristic equation
A+ AN+ B A+ C =0. (11.9)

Proof. Adding to Egs. (9.9) the expression for the third derivative y”’ and substituting
in Eq. (11.2) we obtain Eq. (11.9).
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Chapter 3

Using connection between Riccati and
second-order linear equations

12 Introduction

Recall that the Riccati equation
Yy = P(x) +Q(z)y + R(x)y*, R(x) #0, (12.1)

is mapped by the substitution

1
=R % (12.2)
to the linear second-order equation
u" + f(z)u + g(x)u=0 (12.3)
with the coefficients
R/
o)== |aw) + | alo) = PG (124)

Indeed, we have:
) 1 u// Rl u/ 1 ul2

YTTRW TRYWTRE

and 0w Lo
Uu u

p RyfP=P——=—+——"

+Qy+ Ry Ru+Ru2

Substituting these expressions in Eq. (12.1) and multiplying by —Ru we obtain the

equation
/

u’ — = v = Qu' — PRu,

i.e. Eq. (12.3) with the coefficients (12.4).
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13 From Riccati to second-order equations
13.1 Application to Equation (2.9)
Applying Egs. (12.3)-(12.4) to Eq. (2.9),
Y = Q(z)y + R(z)y’, (2.9)

we obtain the following second-order linear equation:
R/
"= — ). 13.1
u (Q + 7 ) u (13.1)
The integration yields:

/
Inu = / (Q + %)dw +InC; = /de +InR+1InCy.
Hence .
u' = CyR(z)el Q@4 (13.2)
and

u=C / R(z)el @@ gz 4 O, (13.3)

Substituting (13.2) and (13.3) in Eq. (12.2) and denoting C' = C5/C, we arrive at the
solution (3.6) to Eq. (2.9):

o Q@)da
IO JR@el @ G0
13.2 Application to Equation (2.10)
The following examples clarify how to use the linearizable equations (2.10),
y = P(z) + Q(z)y + k[Q(z) — kP(z)]y?, k = const., (2.10)
for integrating the corresponding second-order linear equations (12.3).
Example 13.1. If we apply Egs. (12.3)-(12.4) to Eq. (4.7) from Example 4.1,
Y = x+ 2xy + 237,
we obtain the following second-order linear equation:
u’ — (Qm + é) '+ 2?u=0. (13.4)
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Let us integrate this equation. Writing Eq. (12.2) in the form

ul

— = —R(x)y,

u

substituting here R(x) = z and the expression (4.8) for y, we get

u/ 1+ C + 2?
PR prc sk
Writing this equation in the form
dlnu 2x

dr * 224+C -1
and integrating we obtain the following general solution to Eq. (13.4):
u= K>+ C—1) "/, C,K = const. (13.5)
Example 13.2. If we apply Eqgs. (12.3)-(12.4) to Eq. (4.9) from Example 4.2,

1
y’:x2+(x+x2)y+1(2x+x2)y2,

we obtain the following second-order linear equation:

1
u" — (1+x) (:c—i— )u’+—x2(2x+x2)u20. (13.6)

4
Let us integrate this equation. Writing Eq. (12.2) in the form

2x + 2

substituting here

R(z) = ~ (2 + 2?)

NN

and the expression (4.10) for y, we get

1+ (C’ + [(x 4 2?)e =/ d:}:) e?’/2
1—(C+ [(z+ 2?)e /2 dx) e**/? '

u 1

The integration yields In |u| = In |K| + ¢(x), where

1+ (C’ R R dx) et /2

1
r)=—= 21 + dx.
o) 2 / ( ) 1= (C+ [(z+ 2?)e**/2dx) e**/?
Hence, the general solution to Eq. (13.6) has the form
u=Ke'®, (13.7)

where ¢(z) is given above and K is an arbitrary constant.

58



Integration of ordinary differential equations by quadrature 59

Applying Eqgs. (12.3)-(12.4) to Eq. (2.10) and using the solution procedure for Eq.
(2.10) described in Section 4, we obtain the following general result.

Theorem 13.1. The general solution of the second-order linear equation
Q'(x) — kP'(x)
Q(x) — kP(x)

with an arbitrary constant k and two arbitrary functions P(z) and Q)(x) can be obtained
by quadratures.

v — | Q(x)x + U+ k[P(z)Q(z) — kP*(z)]u=0 (13.8)

14 From second-order to Riccati equations

It is manifest from Egs. (12.4) that rwo coefficients f(x) and g(x) of a given second-
order equation (12.3) do not uniquely determine three coefficients P(x), Q(z), R(x)
of the corresponding Riccati equation (12.1). Namely, if we know solutions of an
equation (12.3), we can solve by using the formula (12.2) an infinite set of the Riccati

equations
R(z) g(x)
"o |7 (b

= R |fa)+
with an arbitrary function R(z) # 0.
Example 14.1. Consider the following equation with constant coefficients:
u +u=0. (14.2)
Here f = 0, g = 1. Hence, the corresponding Riccati equation (14.1) has the form

2 R (z) 1

V=R@Y - RV vy

(14.3)

Substituting the general solution
u=Cicosx + Cysinx

of Eq. (14.2) in (12.2) we obtain the following solution to Eq. (14.3):

1 Cysinz — Cycosx
R(x) Cycosx + Cysinx

y:

If Cy # 0 we denote K = C5/C and writhe the solution in the form

1 sinx — Kcoszx
R(x) cosz + Ksinx

y:
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or, upon dividing the numerator and denominator by cos x,
1 tgr— K
R(z) 1+ Ktgz’

If C'; = 0 the solution becomes

Yy = K = const. (14.4)
ctgx
 R(x)
which can be obtained from (14.4) by letting X' — oo. Thus, the general solution to
the Riccati equation (14.5) is given by (14.4) where —oo < K < 4-00.
In particular, taking in (14.5), (14.4) R(x) = e we conclude that the equation

Y =e"yl —y4e® (14.5)

has the general solution

tgr — K
=————e¢e " —00< K< +o0. 14.6
YT 1t Ktgr - SHST (14.6)
Sometimes it is convenient to use a restricted correspondence between second-
order and Riccati equations by writing Eqgs. (12.3)-(12.4) corresponding to the Riccati

equation (12.1) in the following form:

R(z)u" — [R'(z) + Q(z)R(z)|u + P(z)R*(z)u = 0. (14.7)
Example 14.2. Consider Euler’s equation written in the form (7.21):
v*u’ + (A+ 1) zu'+Bu=0, A B=const. (14.8)
Comparing the equations (14.7) and (14.8) we take R(x) = x? and obtain

Q) =22 pla) =

Thus, we have arrived at the following Riccati equation:
A+3 B

_|__.
z y zd

HH 3

y =2y’ — (14.9)

We know that the solutions of Eq. (14.8) have the form « = z*. Substitution in (12.2)
yields the following form of solutions to Eq. (14.9):

A
y=—-—7" (14.10)
T
Substituting (14.10) in Eq. (14.9) we obtain again the characteristic equation (7.6):
N+ AN+ B=0. (14.11)

However, Egs. (14.10), (14.11) provide only two particular solutions to Eq. (14.9). In
order to find the general solution of the nonlinear equation (14.9), we have to construct
the general solution u(z) of the linear equation (14.8) using the superposition principle
and substitute u = u(z) in (12.2).
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Using the results of Section 9 on integrability of Eq. (9.6),
0’y + (A+ ¢ —20)py + (B— Ao +0°— ¢o')y =0,
we can formulate the following general result.

Theorem 14.1. The Riccati equation

A+q§’—20+§’ +B—AJ—|—02—¢0’
& R|Y Ro?

y' = R(z)y* — (14.12)

with three arbitrary functions R(x), ¢(z), o(z) and two arbitrary constants A, B is
integrable by quadratures.

15 Application to Ermakov’s equation
The above results on integration of linear equations
'+ a(z)u + b(z)u =0 (15.1)

can be combined with Ermakov’s method for solving nonlinear equations of the
following form (see Editor’s preface to Ermakov’s paper in this volume):

"+ a(z)u + b(z)u = % e~2lal@)de - — const. (15.2)
u

Example 15.1. Using the solution (13.5) of Eq. (13.4) and applying Ermakov’s method
one can solve the following nonlinear equation:

1 2
u’ — (Zm + —)u' + 2%u = az?e®™ u 3. (15.3)
x

Example 15.2. The nonlinear equation (15.2) associated with the integrable equation
(9.6) has the form

P+ (At ¢ —20)pu + (B~ Ao + 0% — go')u = — 2/ CoN/odr (154
u

where ¢ and o are arbitrary functions of z, and A is an arbitrary constant. Eq. (15.4)
is integrable by quadratures.
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Abstract. The first significant results towards the general integration theory for hyperbolic
equations with two independent variables were obtained by Leonard Euler. He generalized
d’ Alembert’s solution to a wide class of linear hyperbolic equations with two independent
variables and introduced the quantities that were rediscovered by Laplace and known today as
the Laplace invariants. In the present paper, I give an overview of Euler’s method for hyperbolic
equations and then extend Euler’s method to parabolic equations. The new method, based
on the invariant of parabolic equations, allows one to identify all linear parabolic equations
reducible to the heat equation and find their general solution. The method is illustrated by the
Black-Scholes equation for which the general solution and the solution of an arbitrary Cauchy
problem are provided.

Keywords: Laplace invariants, Semi-invariant for parabolic equations, Reducible parabolic
equations, Non-linearization of Black-Scholes model, Optimal system of invariant solutions.

1 Introduction

When I studied partial differential equations at university, one of amazing facts for me
was that one could integrate the wave equation

Ut — Uge = 0 (11)
and obtain explicitly its general solution
u=f(z+1t)+g(z—1),

while the general solution is not given in university texts for two other ubiquitous
equations: the heat equation
Vp — Vgy = 0 (1.2)

(© 2008 N.H. Ibragimov
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and the Laplace equation
Ugg + Uyy = 0. (1.3)

Later it become clear that this was partially due to a significant difference between
the three classical equations in terms of characteristics. Namely, the wave equation has
two families of real characteristics and can be written in the characteristic variables
¢ =x+1t, n =x — tin the factorable form:

Uen = DyDeu = 0. (1.4)

Therefore it can be solved by consecutive integration of two first-order linear ordinary
differential equations:
Dy =0, Deu=w.

The integration can also be done by writing Eq. (1.1) in the factorized form:

0 0 0 0 _0

(at c%v) (8t i ax) u=u
A similar factorization to first-order differential operators is impossible for the heat
and Laplace operators since the heat equation has only one family of characteristics
whereas the Laplace equation has no real characteristics. Of course, one can factorize
the Laplace operator by introducing the complex variable ( = 7y, but this trick is just

a conversion of the problem on integration to an equivalent problem on extracting the
real part of the complex solution

u=f(z+iy)+g(z—iy).

Let us consider the hyperbolic equations written, using the characteristic variables,
in the standard form

Ugy + alx, y)uy + b(z, y)u, + c(z,y)u = 0. (1.5)

Can we factorize the left-hand side of every equation (1.5), i.e. write it as the product
of two first-order linear differential operators? Leonard Euler [1] (see also [2], Intro-
duction, and the references therein) showed that, in general, the answer to this question
is negative. Furthermore, he gave the necessary and sufficient condition for Eq. (1.5)
to be factorable and formulated the result in terms of the quantities

h=a,+ab—c, k=0b,+ab—c. (1.6)

Namely, he demonstrated that Eq. (1.5) is factorable if and only if at least one of
the quantities (1.6) vanishes. The solution of the factorized equation (1.5) is obtained
by the consecutive integration of two first-order ordinary differential equations. If
h =k = 0, Eq. (1.5) is reducible to the wave equation (1.4).
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Later, the quantities (1.6) were rediscovered by Laplace [3] in connection with
what is called today “Laplace’s cascade method” and became known in the literature
as the Laplace invariants.

In order to understand if Euler’s method strongly requires two families of charac-
teristics or it can be extended to parabolic equations using only one family of charac-
teristics, I first investigated in [4] the question on existence of invariants of parabolic
equations similar the Laplace invariants.

The present paper (see also [5]) is a continuation of the work [4] and gives an affir-
mative answer to the question on possibility of an extension of Euler’s method to the
parabolic equations. First of all, the linear parabolic equations with two independent
variables are transformed to the standard form

Up — Uz + alt, z)uy + c(t,x)u =0 (1.7)

by an appropriate change of coordinates. Then the condition of reducibility of Eq.
(1.7) to the heat equation (1.2) is obtained in terms of the invariant

K =aa, — ay,, + a; + 2¢, (1.8)

of Eq. (1.7) found in [4]. Namely, it is shown that Eq. (1.7) can be mapped to the
heat equation (1.2) by an appropriate change of the dependent variable if and only if
the invariant (1.8) vanishes, i.e. X = 0.

The method developed here allows one to derive an explicit formula for the general
solution of a wide class of parabolic equations. In particular, the general solution of the
Black-Scholes equation is obtained and used for the solution of the Cauchy problem.

2 Euler’s method of integration of hyperbolic equations

2.1 Standard form of hyperbolic equations

The general form of the homogeneous linear second-order partial differential equations
with two independent variables, x and v, is

Aty + 2B ugy + Cuyy +au, +buy +cu=0, (2.1)

where A = A(x,y),...,¢ = c(z,y) are prescribed functions. The terms with the
second derivatives,
Atgy + 2B Uy + Cuy,y, (2.2)

compose the principal part of Equation (2.1).
The crucial step in studying Eq. (2.1) is the reduction of its principal part (2.2) to
the so-called standard form by a change of variables

65



66 N.H. Ibragimov

Let us obtain the standard forms of the principal parts for Eq. (2.1). The change of
variables (2.3) leads to the following transformation of derivatives:

Uy = Palle + Py, Uy = Qylle + Vyly,

Upy = Qollge + 20:0utey + V2 + Paatie + Yty (2.4)
Uyy = ‘Pf/uﬁé + 20y Py ue, + wium] + Qyyle + Vyyln,

Usy = Papylice + (Paly + ©yla)uey + Vatytiny + Caye + Vaytiy.

Substituting the expressions (2.4) in (2.1) we see that Eq. (2.1) is written in the
new variables as follows:

gu& +2B Ugy + éum + aug + Bun +cu =0, (2.5)
where
A= Ap? +2Bp,p, + Cy2,

B = Ap, Y, + B(%ﬂ/’y + Wywx) + Coyhy,

C = AY? + 2B, + Cp? (2.6)
= Ay + 2By, + Coyy + ap, + bpy,

b= Athyy + 2Bty + Cthyy + ath, + biby,

c=c

The principal part of Eq. (2.5) is
A/U& + 2§ Ugn + éum. (27)

It is manifest from (2.6) that the principal part (2.7) will have only one term, 2B Ugp, if
we choose for o(z,y) and v(z,y) two functionally independent solutions,
w1 = p(z,y) and wy = Y (x,y), of the equation

Awi + 2B w,wy + sz =0 (2.8)

known as the characteristic equation for Eq. (2.1). Recall that for hyperbolic equa-
tions (2.1) the characteristic equation (2.8) has precisely two functionally independent
solutions.

If w(z,y) is any solution of Eq. (2.1), the curves

w(z,y) = const. (2.9)

66



Euler’s method and its extension to parabolic equations 67

are called characteristics of Eq. (2.1). In order to find the characteristics, we set
T\ (2.10)
Wy
and rewrite the characteristic equation (2.8) in the form
Az, y)N\* 4+ 2B(z, y)\ + C(z,y) = 0. (2.11)

For hyperbolic equations B? — AC > 0 and the quadratic equation (2.11) has two
distinct real roots, A1(x,y) and \y(z,y) given by

_B+VBT=AC _B— VB —AC
)\l(xay) = A s )\Q(zay) = A ’

Substituting them in (2.10), we see that the characteristic equation (2.8) splits into two
different linear first-order partial differential equations:

(2.12)

ow ow ow ow
— = A—=0, ——X—=0. 2.13
Ox "oy " Ox > By @.13)
The characteristic systems for the equations (2.13) are
dx dy dx dy
— + =0, —+ =0. (2.14)
1 )\1<1‘,y) 1 )\2<.’L',y)

Each equation (2.14) has one independent first integral, ¢(x, y) = const. and ¢ (z, y) =
const. for the first and the second equation (2.14), respectively. Accordingly, the func-
tions o (x,y) and ¥ (x, y) satisfy the first and the second equation (2.13), respectively:

Iy Iy 9 %
— M =—=0, ——X—=

1 ) afE 2 ay
and hence they are functionally independent. Thus, they provide two functionally

independent solutions of the characteristic equation (2.11) and therefore one can take
them as the right-hand sides in the change of variables (2.3). The new variables

€:w1<$,y), UZWQ(%?/)a (216)

where w; (z,y) and we(z,y) are two functionally independent solutions of the char-
acteristic equation are termed the characteristic variables. Thus, in the characteristic
variables Eq. (2.5) becomes

0, (2.15)

2§u§n + aue + ZN?u77 +cu = 0.

Dividing it by 2B , skipping the tilde and denoting £ and 1 by x and y, respectively, we
arrive at the following standard form of the hyperbolic equations:

Uy + a(z, y)uy + b(x, y)u, + c(z,y)u = 0. (2.17)
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2.2 Essence of Euler’s method

We owe to Leonard Euler [1] the first significant results in integration theory of hyper-
bolic equations. He generalized d’ Alembert’s solution to a wide class of Eqgs. (2.17).
He introduced the quantities'

h=a,+ab—c, k=0b,+ab—c (2.18)

and showed that Eq. (2.17) is factorable if and only if at least one of the quantities
h and k vanishes (see [1]; see also [2], Introduction, and the references therein). The
solution of the factorized equation (2.17) is obtained by the consecutive integration of
two first-order ordinary differential equations.

Euler’s method consists in the following. Consider Eq. (2.17) with A = 0. Then
this equation is factorable in the form

0 ou
(% + b) (8—y + au) 0. (2.19)

V=1Uy, +au (2.20)

Setting

one can rewrite Equation (2.19) as a first-order equation
vy +bv =0

and integrate it to obtain: '
v =Qy)e (2.21)

Now we substitute (2.21) in (2.20), integrate the resulting non-homogeneous linear
equation
uy + au = Q(y)e~ ) blEwd (2.22)

with respect to y and obtain the following general solution of Eq. (2.17) with h =0 :

u= [P(x) + / Q(y)efady—bdxdy} e~ Jady, (2.23)

where P(x) and ()(y) are arbitrary functions.
Likewise, if £ = 0, Eq. (2.17) is factorable in the form

0 ou
(a_y i a> (% ; bu) _o. (2.24)

!'The quantities (2.18) were rediscovered by Laplace [3] in connection with what is called today
“Laplace’s cascade method” and became known in the literature as the Laplace invariants.
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In this case, we replace the substitution (2.20) by
w = uy + bu (2.25)

Now we repeat the calculations made in the case h = 0 and obtain the following
general solution of Eq. (2.17) with k =0 :

u = |:Q(y> +/P(x)€fbdxadydx effbdx' (2.26)

2.3 Equivalence transformations

In particular, Euler’s method allows one to identify those equations (2.17) that can
be reduced to the wave equation by a change of variables, and hence, solved by
d’Alembert’s method. We will single out all such equations in the next section. Here
we discuss the most general form of the changes of variables preserving the linearity
and homogeneity of hyperbolic equations as well as their standard form (2.17). These
changes of variables are termed equivalence transformations. They are well known
and have the form

z=f(z), y=g), v=olz,y)u (2:27)

where f'(xz) # 0, ¢'(y) # 0, and o(z,y) # 0. Here u and v are regarded as func-
tions of x,y and ,y, respectively. The equations (2.17) related by an equivalence
transformation (2.27) are said to be equivalent.

Let us begin with the restricted equivalence transformations (2.27) by setting
T = x, y = y and find the equations (2.17) reducible to the wave equation by the
linear transformation of the dependent variable written in the form

v = ue?@Y) (2.28)

We substitute the expressions

U= Ue—@(ﬂﬁ,y)’

Uy = (vy — v0,) e @Y, uy = (v, — voy) e o@y)

Ugy = (U;Ey — VUgpQy — UyOgz — U Ogy + v 0, Qy) e—g(x,y)

in the left-hand side of Eq. (2.17) and obtain:

Uy +au; + buy + cu
+ (= 0uy + 02 0y — a0, — oy, + ) v]e 2@,
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2.4 Reduction to the wave equation

Eq. (2.29) reduces to the wave equation v,, = 0 if and only if the equations
a—0,=0, b—p;,=0 (2.30)

and
Ozy — Oz Qy"’agar_l'be —c=0 (231)

hold. Egs. (2.30) provide a system of two equations for one unknown function o(z, y)
of two variables. Recall that a system of equations is called an over-determined system
if it contains more equations than unknown functions to be determined by the sys-
tem in question. Over-determined systems have solutions only if they satisfy certain
compatibility conditions.

Thus, the system of equations (2.30) is over-determined. Its compatibility condi-
tion is obtained from the equation ¢,, = o,, and has the form

az = by. (2.32)
Eq. (2.31), upon using Eqgs. (2.30) and (2.32), is written
a, +ab—c=0. (2.33)

In terms of the quantities h and & defined by (2.18) the conditions (2.32) and (2.33) are
written in the following symmetric form:

h=0, k=0. (2.34)

Remark 2.1. The equations (2.34) are invariant under the general equivalence trans-
formation (2.27). In consequence, the change of the independent variables does not
provide new equations reducible to the wave equation.

Summing up the above calculations and taking into account Remark 2.1, we arrive
at the following result.

Theorem 2.1. Eq. (2.17) is equivalent to the wave equation if and only if Eqgs. (2.34)
are satisfied. Any equation (2.17) with h = k£ = 0 can be reduced to the wave equation
vzy = 0 by the linear transformation of the dependent variable:

u=yve 2@V (2.35)

without changing the independent variables x and y. The function ¢ in (2.35) is ob-
tained by solving the following compatible system:

do do
pr b(x,y), o a(x,y). (2.36)
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Theorem 2.1 furnishes us with a practical method for solving a wide class of hy-
perbolic equations (2.1) by reducing them to the wave equation. In order to apply
this method, one has to rewrite Eq. (2.1) in the standard form (2.17) by introducing
the characteristic variables (2.16). Then one should calculate the Laplace invariants
(2.18). If h = k = 0, one can find o(z, y) by solving the equations (2.36) and reduce
the equation in question to the wave equation v,, = 0 by the transformation (2.35).
Finally, substituting

v = f(x)+g(y)

into (2.35) one will obtain the solution in the characteristic variables:

u=[f(x)+ g(y)] e 2@, (2.37)

Example 2.1. Let us illustrate the method by the equation (see [6], Section 5.3.2) )
“—?—“—yjju?)(%—@): . (2.38)
T ()

Here Eq. (2.8) for the characteristics has the form

() -9 ()

It splits into two equations:

Wy Wy

=0, =_Z_
Ty oy

They have the following first integrals:

i y2 = const., 2 + y2 = const.

Hence, the characteristic variables (2.16) are defined by
E=2>—y", n=2>+¢" (2.39)
We have (cf. Egs. (2.4)):
Uy = Ug - &g + Uy - Ny = 22 (Ug + Uy),
uy = ug - §y + uy -y = 2y(u, — ug),
Uy = 2(ug + uy) + 412[(“5 + up)e + (ue + uy)y)
= 2(ug + up) + 42 (uge + 2ugy + tyy),
Uyy = 2(uy — ug) + 43/2[(% — ug)y — (uy — Ug)e]
= 2(uy — ug) + 4y’ (uge — 2ugy + wyy).
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Therefore, Eq. (2.38) takes the following form:

x2+y2 x?_y
Ug—

Ugn + 21212
Invoking Egs. (2.39) and noting that

=& = da?y?, (2.40)
we ultimately arrive at the following standard form (2.17) of Eq. (2.38):

2n 28

Ugy + g Ug — g u, = 0. (2.41)
The coefficients of Eq. (2.41) are:
2n 2¢
a = m y b = —m y C = 0

We substitute them in (2.18) where we replace = and y by £ and 7, respectively. We
have

Qg = b, = 74€77
" - ey
and see that h = k£ = 0. Now we solve Egs. (2.36):
90 _ 2 Odo_ %
o P—g 0 P - g
and obtain
o=In(n* - &)
Hence, the substitution (2.35) is written
v =ue™E) = (i — 2w (2.42)

It maps Eq. (2.41) to the wave equation

vgp = 0. (2.43)
Therefore
v(&n) = (&) +9n),
and (2.41) yields:
h
e = TEED.

Returning to the original variables by using Egs. (2.39) and denoting F' = f/4 and
H = h/4, we finally obtain the following general solution to Eq. (2.38):
Fa? —y?) + H(a? + y?)

u(z,y) = o . (2.44)
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Remark 2.2. We can integrate Eq. (2.38) by rewriting it in a factorized form in the
original variables. Note that the differentiations D, D, in the original variables are
related with the differentiations D¢, D,, in the new variables (2.3) as follows (see (2.4)):

D, =&D¢+n.D,, Dy,=E&De+n,D,, (2.45)
whence ) )
D§ = 6 (nme - ﬁsz) 5 Dn - 5 <§$Dy - fyDz> (246)
with
Q= any - €y77:c-

Applying Egs. (2.46) to the change of variables (2.39) we obtain:
b=t (to.-1n). p-t(toiln).
Therefore, Eq. (2.43) written in the form
D¢D,(v) =0
and Eqgs. (2.42), (2.40) yield the following factorization of Eq. (2.38):
LiLoy(u) =0, (2.47)

where Ly, Lo are the first-order linear differential operators given by

1 1 1 1
Li=-D,— -D,, LQ::<—[%—k—I%):ﬁy? (2.48)
r Yy x (0

To solve Eq. (2.47), we denote Ly(u) = w, write Eq. (2.47) as the the first-order
equation

for w, whence
w=¢(n), n=21"+y
on integration. It remains to integrate the non-homogeneous first-order equation
Ly(u) = o(n) : ) )
1 1 9 o
Denoting z%y?u = v for the sake of simplicity, we rewrite the equation in the form
10v  10v
-4+ —— = .
2oz 5oy ¢(n)

73



74 N.H. Ibragimov

The first equation of the characteristic system

dv
xdr = ydy = _qb(n)

provides the first integral 22 — y? = ¢ = const. Substituting = 222 + £ in the second
equation of the characteristic system, dv = x¢(n)dx we have:

dv = (€ + 20 )nde = § G(€ + 20)d(x€ + 227,

whence
v = H(¢+22%) + F(¢).

Since ¢ + 222 = n and v = 2%y*u, we finally obtain
a*y*u = H(n) + F(€),
i.e. the solution (2.44):

H(z® + %) + F(2* — )
- x2y2

It is manifest from the above calculations that the use of characteristic variables
simplifies the integration procedure significantly.

3 Parabolic equations
3.1 Equivalence transformations
The standard form of the parabolic equations is
ur + A(t, 2)uyy + a(t, x)u, + c(t, x)u = 0. (3.1)

The equivalence transformations of Egs. (3.1) comprise the invertible changes of the
independent variables of the form

T=9(t), y=v(2) (3.2)

and the linear transformation of the dependent variable
v=o(t,x)u, o(t,x)#0, (3.3)

where ¢(t),1(t, z) and o(t, x) are arbitrary functions.
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Under the change of the independent variables (3.2) the derivatives of © undergo
the following transformations:

Uy = ¢/UT + 7#tuyy Uy = 1/}a:uya Ugy = wiuyy + wxxuya
and Eq. (3.1) becomes:
Pu, + A2uy, + (wt + Atpyy + awm)uy +cu = 0.

Therefore, by choosing v such that |A|1)2 = 1 and taking ¢ = =4t in accordance with
the sign of A, we can rewrite any parabolic equation in the form

Ut — Uz + at, x)uy + c(t,x)u = 0. (3.4)

In what follows, we will use the parabolic equations (3.4) and employ their equiv-
alence transformation (3.3) written in the form (cf. Eq. (2.28)):

v = yel®?) (3.5)

Solving Eq. (3.5) for v and differentiating, we have:

U= Ue*Q(t,l“)’ Uy = (Ut - UQt) eig(t7m)7
Uy = (Vg — VO;) e~ olt),
Ugy = [sz — 20,0, + (Qi - ,Qxx)v] e—g(t,x)‘ 3.6)

Inserting the expressions (3.6) in the left-hand side of Eq. (3.4), we obtain:

U — Ugpy + AUL + CU

= [y — Vou + (a + 20,) v, (3.7)

+ (sz - Qi — Ot — APy + C) U} e—g(t,m).

3.2 Semi-invariant. Equations reducible to the heat equation

Eq. (3.7) shows that Eq. (3.4) can be reduced to the heat equation
Vg —VUge =0, >0, (3.8)
by an equivalence transformation (3.5) if and only if
a+20, =0, 0uwo— 00— 0t — a0, +c=0. 3.9)

The first equation (3.9) yields
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and hence the second equation (3.9) becomes

Lo ] +c=0
—-a° — =G, — c=0.
4 5 Ot

Thus, Egs. (3.9) can be rewritten as the following over-determine system of first-order
equations for the unknown function o(t, z) :

1 1 1
‘sz—éa’ QtIZa2—§a$+C. (3'10)

The compatibility condition g,; = o4, for the system (3.10) has the form
Ay — Qpy + ar + 2¢, = 0. (3.11)

The left-hand side of Eq. (3.11) is the invariant (more specifically, semi-invariant)
for the parabolic equations first obtained by the author in 2000 (Preprint) and published
in [4]. Namely, it is shown in [4] that the linear parabolic equations

up + A(t, ©)ugy + B(t, 2)u, + C(t,x)u =0

have the following invariant with respect to the equivalence transformation (3.5):
1
K= B, + (At +AA,, — Ag)B
+ (AA, — AB)B, — AB, — A’B,, + 2A%C,.

Since Eq. (3.4) corresponds to A = —1, B = a, C = ¢, the above semi-invariant is
written
K =aa, — a,, + a; + 2¢,. (3.12)

Summing up the above calculations, we arrive at the following result.
Theorem 3.1. The parabolic equation (3.4)
Ut — Uz + at, x)uy + c(t,x)u =0
can be reduced to the heat equation (3.8)
Vg — Uge = 0
by an appropriate linear transformation (3.5) of the dependent variable,
uw=uve o) (3.13)

without changing the independent variables ¢ and x if and only if the semi-invariant
(3.12) vanishes, K = 0. The function p in the transformation (3.5) of Eq. (3.4) to the
heat equation is obtained by solving the following compatible system (3.10):

@ 1 Jdo 1 , 1

gr - 2% w1t e

The system (3.10) is compatible (has a solution o(¢, x)) due to K = 0, i.e. Eq. (3.11):

aty; — Qpe + a; + 2c, = 0.
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Corollary 3.1. Any Eq. (3.4) with constant coefficients a and c can be reduced to the
heat equation. Indeed, the semi-invariant (3.12) vanishes if a, ¢ = const.

Remark 3.1. For hyperbolic equations a similar statement does not valid. For exam-
ple, the telegraph equation u,, + u = 0 cannot be reduced to the wave equation.

Example 3.1. ([7], [4]). The semi-invariant (3.12) of any equation of the form
Up — Uz + c(t)u =10

vanishes. Therefore this equation reduces to the heat equation by the equivalence trans-
formation u = v e/ <V,

Theorem 3.1 furnishes us with a practical method for solving by quadrature a wide
class of parabolic equations (3.4) by reducing them to the heat equation. First, let us
discuss the known solutions to the heat equation.

3.3 Poisson’s solution

Recall that, given any continuous and bounded function f(z), the function v(¢, ) de-
fined by Poisson’s formula

2/t

solves the heat equation (3.8) and satisfies the initial condition
v(0,2) = tliIEOU(t7$> = f(x). (3.15)

“+o0o
1 z—2)2
v(t,x) = ~ /f(z) S dz, t>0, (3.14)

To make the text self-contained, let us verify that the function v(¢, z) defined by (3.14)
satisfies the heat equation. The integral (3.14) itself as well as the integrals obtained
by differentiating it under the integral sign any number of times converge uniformly

)

due to the presence of the rapidly decreasing factor e~ 2 ~ when ¢ > 0. The integral
(3.14) solves the heat equation v; = v,, because

+00 +o0
v = — ; / f(z)e” g dz + 1 /(m —2)%f(2)e” g dz
VTN 8t2\/rt ’

—+o00

! /( Vf(z)e S d

Vp = — r — z zZ)e 4t Z,
4t~/ Tt

+o00 +o0

1 (z—2)2 1 (z—2)2

Vg = — z)e % dz+ /[E—Z2 z)e % dz.
At~/ Tt / f( ) 2/t ( ) f( )
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3.4 Uniqueness class and the general solution therein

The uniqueness of the solution to the Cauchy problem guarantees that (3.14) provides
the general solution to the heat equation in the half-plane ¢ > 0 provided that the
solution is bounded.

In general, the solution to the Cauchy problem for the heat equation may not be

unique in the class of unbounded functions. It can be shown, however, that the presence
a2

(2—2) . . :
of the factor e 4  under the integral sign in (3.14) guarantees the uniqueness of the
solution in the class of continuous functions v(¢, x) defined on a strip

0<t<T <400, —0<xr<+00

and such that |v(¢, )| grows not faster than e*” as z — co. In other words, the follow-
ing statement holds (see, e.g. [8], Ch. IV).

Theorem 3.2. The solution to the Cauchy problem

UV — Ve =0 (t>0), v(0,z)= lim v(t,z) = f(x)

t——40

is unique and is given by Poisson’s formula (3.14) in the class of functions v(¢, z)
satisfying the following condition:

max |v(t,z)] e 50 as x| — oo, (3.16)
0<t<T

where (3 is a certain constant.

Corollary 3.2. Let 0(¢,z) be a continuous function satisfying the uniqueness condi-
tion (3.16). If 9(¢, x) solves the heat equation for ¢ > 0, then it is given by Poisson’s
formula (3.14) with a certain function f(z).

Proof. Substituting in the integral (3.14) the function f(x) = ©(0,z), we obtain a
solution v(¢, ) of the heat equation. Since the initial values of both solutions v(t, x)
and v(t, x) coincide, v(0,z) = f(z) = (0, z), the uniqueness of the solution to the
Cauchy problem shows that 0(¢,z) = v(t, ), i.e. that the solution o(t, x) is given by
the formula (3.14).

According to Corollary 3.2, all continuous solutions of the heat equation (3.8) sat-
isfying the condition (3.16) admit the integral representation (3.14). In other words,
Poisson’s formula (3.14) provides the general solution of the heat equation in the class
of functions satisfying the condition (3.16).
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3.5 Tikhonov’s solution

A.N. Tikhonov [9] showed that the condition (3.16) is exact. Namely, he noticed that
there are solutions of the heat equation that are not identically zero but vanish at ¢t = 0,

v(0,2) =0, —o0o<z<+o00,

and satisfy the following condition with any small € > 0 :

2+4¢
max [v(t,z)|e”"

—0 as |z|— oo.
0<t<T

These solutions are, in fact, particular cases of the following Tikhonov'’s solution:

3

v(t, x) =F(t) + zFi(t )+§F’( Y+ = oy () + -
x?n xZn—l—l
(n) 2 g0
+ o) F'™(t) + ] FU(t) + (3.17)

given in [9]. Here F(t) and F(t) are any two C'* functions (i.e. differentiable in-
finitely many times) such that the series (3.17) is uniformly convergent. Let us verify
that the series (3.17) solves the heat equation (3.8). We can differentiate each term of
the series (3.17) due to its uniform convergence and obtain:

vy =F'(t) + 2 F|(t )+§F”( )+§F”()
xZn m2n+1
F(n+1) t F(”+1) t .
+(2n)! ()+(2n—|—1)! NN

4

ve =Fy (1) + o F7(t) + gF’( )+ §F”( )+ T 0+

x2n+1 x2n+2

(n+1) (n+1)
+(2n—|—1)!F <t)+(2n—|—2)!F1 () +

Ve =F'(t) + 2 F| (¢ )+§F”( )—i-?F”()

xZn (nt 1) m2n+1 (n+1)
—— FU") " () 4
+(2n)! ()+(2n—|—1)! NN
Subtracting term by term we obtain v; — =0.

Tikhonov also showed that any solutlon v(t, x) of the heat equation defined for all
x and t > 0 can be represented in the form (3.17). This solution satisfies the conditions

u(t,0) = F(t), v,(t,0) = Fi(t). (3.18)
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Furthermore, the solution of the heat equation satisfying the conditions (3.18) is unique.
Note that the solution (3.17) is the superposition of two different solutions:

4 2n

2
o(t,z) = F(t) + % F'(t) + % F/)++ o F™@) 4 (3.19)
and
2:3 , 375 Y x2n+1 (n)

The infinite series representations (3.17), (3.19) and (3.20) of solutions to the
heat equation are particularly useful for obtaining approximate solutions to the heat
equation (3.8) and to the equivalent equations, e.g. by truncating the infinite series.
Tikhonov’s series representations are also convenient for obtaining solutions in closed
forms, in particular, in terms of elementary functions. One of such cases is obtained
by taking for F'(¢) and F(¢) any polynomials. Let us consider examples.

Example 3.2. Letting in (3.20)
Fi(t) = a+ bt + ct® + kt*,

we obtain the following polynomial solution:

1 1 6k
v(t,z) = (a+ bt + ct* + kt*)x + 3l (b+ 2ct + 3kt*)2® + ol (2¢ + 6kt)2” + - '

In particular, taking @ = b = k£ = 0 and ¢ = 60, we obtain the solution
v(t,z) = 60tz + 20tz® + 2°. (3.21)

The solution (3.21) satisfies the initial condition v(0,z) = z°, and hence admits the
following integral representation (3.14) when ¢ > 0 :

1 I (a;fz)2
v(t,z) = 2\/H/Z56_ i dz. (3.22)

It is manifest that that the explicit form (3.21) of the solution is essentially simpler.

Example 3.3. Setting F'(t) = e”* and F(t) = e~ ' in (3.19) and (3.20), respectively,
we obtain the following two particular solutions:

v(t,r) =e ' cosw, wv(t,x)=e " sinz.

Let us discuss now applications of Tikhonov’s solution (3.17) and Poisson’s solu-
tion (3.14) to the parabolic equations (3.4) with the vanishing semi-invariant (3.12).
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3.6 Integration of equations with the vanishing semi-invariant

The solution of parabolic equations Eq. (3.4) with the vanishing semi-invariant (3.12)
is given by Eq. (3.13),
u=e 20 y(t, z), (3.13)

where the function o(t, z) is obtained by solving Egs. (3.10), and v(t, z) is the so-
lution of the heat equation written either in Poisson’s integral representation (3.14)
or in Tikhonov’s series representation (3.17). We will consider separately the use of
Poisson’s and Tikhonov’s representations.

3.6.1 Poisson’s form of the solution

In this section we will employ the uniqueness condition (3.16). Using Eqgs. (3.13),
(3.14) as well as Theorem 3.1 and Corollary 3.2, we arrive at the following statement.

Theorem 3.3. Let the semi-invariant (3.12) of Eq. (3.4) vanish. Then any solution to
Eq. (3.4) belonging to the class of functions satisfying the condition (cf. (3.16))

max |u(t,z) eQ(t’x)} e 50 as |z| — oo, (3.23)
0<t<T

where o(t, x) is found by solving the system (3.10), admits the integral representation

_(z—2)?

—+00
1
u(t,m):z—me*dm) / f(z)e” # dz, t>0. (3.24)

Thus, Eq. (3.24) furnishes the general solution to Eq. (3.4) with the vanishing semi-
invariant K, provided that the condition (3.23) is satisfied.

Example 3.4. The equation
U — Uy + 22Uy, —u =0 (3.25)
has the vanishing semi-invariant (3.12) (see Corollary 3.1). The system (3.10) yields
o(t, x) = —z,
and hence Eq. (3.13) is written
u(t,z) = e v(t,x). (3.26)

Taking one of the simplest solutions to the heat equation, namely v = x, we get the
solution

u(t,x) = xe®
to Eq. (3.25). This particular solution is unbounded. However, it satisfies the condition
(3.23), and hence admits the integral representation (3.24) with a certain function f(z).
How to find the corresponding function f(z)? Let us discuss this question in general.
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Poisson’s form of the solution is well suited for solving the initial value problem
not only for the heat equation but also for all parabolic equations with the vanishing
semi-invariant. The result is formulated in the next theorem. In particular, it gives the
answer to the questions similar to that formulated in Example 3.4.

Theorem 3.4. Let (3.4) be an equation with the vanishing semi-invariant (3.12). Then
the solution to the initial value problem

U — Ugz + alt, ¥)uy + c(t, x)u =0, u‘t:O = ug(x) (3.27)
is given by
1 o (2=2)?
u(t,z) = e eelto) / up(z) e?®e™"w dz, t>0, (3.28)

where o(t, x) solves the system (3.10).
Proof. Letting ¢ — +0 in Eq. (3.24), using the initial condition
tlir}rlou(t, x) = u}t:O = up(7)

and the well-known equation

+o0o
i 1 _(@=2)?
tl—lglo W /f(z)e i dz = f(x), (3.29)

we obtain uy(x) = e~2%%) f(z). Hence, the solution to the problem (3.27) is given by
Eq. (3.24) with
f(2) = uo(2) €2,

i.e. by Eq. (3.28).

Example 3.5. Let us give the answer to the question put in Example 3.4. Since
o(t,z) = —x and the particular solution is given by u(t,z) = xe”, we have:

f(2) = up(z) e?®?) = zee™ = 2.

Therefore Eq. (3.28) provides the following integral representation (3.24) of the par-
ticular solution u(t, z) = xe® to the equation u; — Uy, + 2uy, —u =0

o0/t

+o00o
. e’ _@—2)?
u(t,r) = xe” = ze  # dz, t>0.
—0o0
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Example 3.6. Consider again Eq. (3.29),
U — Upg + 2uy, —u = 0.

Substituting in Eq. (3.26),
u(t,x) = e v(t, ),

the fundamental solution

Q(t) _a?
v(it,T) = ———=¢€ %
( ) 24/t
of the heat equation, we obtain u = £(¢, x), where
Q(t) _2?
Et,x) = e’ 3.30
(ha) = 5 (3.30)

and 6(t) is the Heaviside function. The function (3.30) is the fundamental solution for
Eq. (3.25). Indeed, writing the left-hand side of Eq. (3.25) in the operator form

L(u) = up — gy + 2u, — u,

we see that the linear differential operator L acts on the function (3.30) as follows:

o) 2 ( 1 _ﬁ)
L&) = T +0(t) L T |,
Invoking that
1 22
L T ), t>0,
(wﬁe )

and

/ . 1 _ﬁ

where ¢ is Dirac’s §-function, we obtain:

| L & =e"§(t)0
im e =¢e"4(8)d(x).
t—+0 23/7rt (t)o(x)

Since f(z)d(x) = f(0)o(x) for any C*°-function, and §(t)o(x) = (¢, x), we finally
see that the function (3.30) satisfies the definition of the fundamental solution:

L(E) = " 5(t)

L(E) = §(t, ).
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3.6.2 Tikhonov’s form of the solution

If we do not require the condition (3.23), we can substitute in Eq. (3.13) Tikhonov’s
solution (3.17) and arrive at the following statement.
Theorem 3.5. Let the semi-invariant (3.12) of Eq. (3.4) vanish. Then the series

2 3
u(t, ) =) | F(t) + aFy(t) + = F'(t) + = FI(t) + - -

21 31!
l,2n x2n+1
FO@) 4 2 g ] 331
T T Ot gy O] G-3D

where o(t, x) is determined by Eqs. (3.10), solves the equation (3.4).

Example 3.7. Consider again Eq. (3.25). Since here o(t,z) = —z, Eq. (3.31) is
written

u(t,z) = e [F(t) FaF(t) + % FI(t) + % FIt) + - }

The solution u(¢, x) = ze” from Example 3.4 corresponds to F'(t) = 0, Fy(t) = 1.
3.6.3 Additional comments
Remark 3.2. Theorems 3.1 and 3.5 can be extended to the parabolic equations
Ut + Ugy + a(t, x)u, + e(t,x)u =0

reducible to the “time reversal heat equation”

W + Wy =0
by the linear transformation of the dependent variable

w = 12t
where p is obtained by solving the overdetermined system (cf. Egs. (3.10))

1 1.5, 1_
a =C— a4 — Q.
) Ot 4 9

The compatibility condition of this system has the form (cf. (3.12))

0 =

K = aa, + Gyy + a; — 26, = 0.

Let us dwell upon the solutions related to Poisson’s solution. Since the solution to the
“time reversal heat equation” is given by

1 1722
w(t,x) = /f(z)e( 7 dz, t<0,
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the solution of a reducible equation (i.e. when K = 0) has the form similar to (3.24):

u(t,x) =

+0o0
1 — (x— z)
e_Q(t’x)/ z dz, t<O.
War f(z)e

Remark 3.3. If a parabolic equation is given in the general form (2.1),
Atgy +2Buyy + Cuyy +aug +buy, +cu=0, AF#O0,

where A = A(z,y),...,c = c(z,y), we rewrite it in the form (3.1) by introducing the
characteristic variable ¢. Specifically, since B2 — AC = (), the characteristic equation
(2.1) reduces to the linear equation

1% g% _

Ox oy 0

Taking any solution ¢(z,y) of this equation and rewriting the equation in question in
the variables = and t = ¢(x,y), we will arrive at an equation of the form (3.1).

4 Application to financial mathematics

4.1 Transformations of the Black-Scholes equation
Consider the Black-Scholes equation
1
Uy + §A2:1:2um + Bxu, — Cu=0. A,B,C = const., “4.1)

Upon the change of variables

2
— (In|z| — In |zo)), 4.2)

it assumes the form of Eq. (3.4) with constant coefficients:

A V2
Ur — Uy + <\/_ T )uy+C’u—O 4.3)

Therefore, according to Corollary 3.1, the Black-Scholes equation reduces to the heat
equation written in the variables (4.2):

Uy — Uyy = 0. “4.4)
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The corresponding system (3.10) for determining the function o(7, y) is written

Do B A Do A* B B

by vaA e or St E T2 Taa
Integrating this system and ignoring the unessential constant of integration, we have:
B A A* B B?
o= (a1 a7t (O+ 5 -3 2m)
Hence, according to Eq. (3.13), the solution to Eq. (4.3) is given by

u(r,y) = o F (E A2 0) () (4.5)
where v (7, y) is the solution of the heat equation (4.4).

4.2 Poisson’s form of the solution to the Black-Scholes equation

According to Theorem 3.3 and Eq. (4.5), the solution to Eq. (4.3) is written

“+00
1 A B_A2_ B2 ), )2
u(T,y):Q — 6(2% ‘/g“)er(g F-im=0) /f(z)e_(y‘”) dz, 1 >0.

Substituting the expressions (4.2) for 7 and y, we obtain the integral representation of
the general solution to the Black-Scholes equation (4.1) in the variables ¢, x :

U(t,l‘) = ; e(%—%>ln %’4_(%_%2_%_0)(150_@
2¢/m(to — 1)
+oo
,[\/E(lﬂ\l‘\fhﬂa:o”_AZ]Q
X /f(Z)G 4A2(to—t) dz, t < to. (46)

Black-Scholes [10] gave the solution of the Cauchy problem with a special initial
data. The Cauchy problem can also be solved by using the fundamental solution for
the Black-Scholes equation obtained in [11] by using the symmetries of the equation.
Both ways are not simple. The integral representation (4.6) of the general solution
allows one to solve the initial value problem

1
U + §A2x2um + Bru, — Cu =0 (t < ty), u‘t:to = up(z) 4.7)
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with an arbitrary initial data ug(x). Indeed, letting in Eq. (4.6) t — t¢ and using the
initial condition we obtain:

uo () :e(%_%)l 25 i ———— /f o W= Tro=p 5 In| 5[~ dz,

t=to 24/ ( 0 — t
whence, according to Eq. (3.29),

uo(z) = f(% V2 In xﬁ >e(5_fg)ln’fo .

Az . .
Denoting z = % V2 In }xi‘ we have © = xpev2, and the above equation yields
Az (L_i)z
f(z) = u(](acoeﬁ) e\vza 2v2/”

Substituting this expression for f in Eq. (4.6), we obtain the following solution to the
problem (4.7):

u(t,z) = ﬁ (=B ] [ (24 2 0) ot
T\log —
+o0
Az (L,i)z _[\/i(ln\ﬂfln‘zo‘),Az]Q
- / ““<$°eﬁ)e AT e AR dz, t<tg.  (4.8)
— 00

Remark 4.1. Along with the general solution (4.6), group invariant solutions can be
useful as well, particularly those given explicitly by elementary functions. Numerous
invariant solutions are obtained in [11]. It is not easy to recognize these invariant
solutions from Poisson’s form (4.6) of the solutions. Compare, e.g. one of the simplest
invariant solutions from [11]:

w = 3 eB-Oto—t)

with its integral representation obtained from (4.8) by substituting ug(z) = z :

we — 2 G mE (-4 E ) o
2 7T(t0 — t)
+oo
(L_"_i)z _[\f(1n|1| In |zo|)—Az]
X /:Eoe 2a T 2v2/) " ¢ 44%(to—t) dz, t<ty. 4.9)
—00
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4.3 Tikhonov’s form of the solution to the Black-Scholes equation

Substituting in (4.5) the solution v(7, y) of the heat equation (4.4) in Tikhonov’s form
(3.17), we obtain Tikhonov’s representation of the solution to Eq. (4.3):

u(T,y) = elan= ) (3% -2=0)r [F(T) +ybi(r) + Z_TF/(T)

3 2n 2n+1

Y .Y (n) R A (D)
T+ HE) o o F (T)Jr(zwrl)!F1 (r) + ] (4.10)

Now we replace 7 and y by their expressions (4.2) and arrive at the following
Tikhonov’s form of the solution to the Black-Scholes equation (4.1) (cf. Eq. (4.6)):

V2

1_B\p|le |y (B_A2_ B2 _ 2
u(t,2) = =B E R EE 000 Tpgg 1) 4 Bty - ) | =
A To
1 V2 T |12 1 V2 T |13
S F =0 m| ] Ao — 0[S m [ 411
SSTRA ] bl el | R Rl e o s (410
Example 4.1. Let us obtain Tikhonov’s form of the invariant solution
u = xeB=Ot) (4.12)

from Remark 4.1. The solution (4.12) is written in the variables 7 and y given by (4.2)
as follows:

A
u(r,y) = xgevatTEOT (4.13)
We note that if we substitute it in Eq. (4.5),
2 2
To e%y+(BC)T = e(%_\/g/l)y—i_(g_%_;iﬁ_c)ﬁr 0(7—7 y)7
and solve for v we have the following solution to the heat equation (4.4):
o(T,y) = 20T, (4.14)
where
A n B
a=——+—"
2v2 /24
Writing
2 2 TR A
xoe™ e’ T = xpe” T(l—l—ozy—i-aa —i-?a +>
or
2 2 2 y2 2 2 y3 3 2
roeer T =x9e* T +yaxye” T+§a o e” T+§oz roer T 4 -

88



Euler’s method and its extension to parabolic equations 89

we see that Tikhonov’s series for the solution (4.14):

2 3
woe™ e = (1) + yFi(7) + % F'(1) + %Fi(ﬂ +--

is satisfied with
F(7) = w0 GQQT, Fi(1) = aF (1) = axg e’T,

Hence, Tikhonov’s form (4.11) of the solution (4.12) of the the Black-Scholes equation
corresponds to

F(to - t) = X ea2(t0—t)’ Fl (t() _ t) = axg ea2(t0—t)‘

4.4 Fundamental and other particular solutions

Egs. (4.5) and (4.2) provide the transition formula for mapping any exact solution
v(T,y) of the heat equation (4.4) to an exact solution u(t,z) of the Black-Scholes
equation (4.1). The transition formula can be used either in the form of the system
(4.5), (4.2) or in the following explicit form:

zxux):e@‘%?Wﬁﬁﬁg—%’£ﬁ4ﬂ““”v(m-tXélnkf). (4.15)

Let us find the Let us substitute in Eq. (4.15) the fundamental solution the fun-
damental solution u = &(t, z;to, xy) of the Cauchy problem for the Black-Scholes
equation defined by the equations

1
Uy + §A2x2um + Bru, — Cu=0, t<t,

= d(x — xo).

u’t:to = u’tato

We will use the transition formula in the form of the system (4.5), (4.2). If we substitute
in (4.5) the function

u(T,y) = Le’§ 7> 0, K = const.
7y 2\/% ) Y )

which solves the heat equation (4.4) and is proportional to the fundamental solution of
the Cauchy problem for the heat equation, we get:

K _£+(i_i)y+(§_A_2_B_2_C)T
)

2/ TT

u(t,y) = > 0. (4.16)
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Let us replace T and y by their expressions (4.2), introduce the notation

V2

z=— In|z|

A

so that y = z — 2y, and rewrite (4.16) in the form

2 7T(t[) - t)
Letting now t — t, and proceeding as in Example 3.6 we obtain:

A B

= Ke(m/i_\/iA)(z_zo) 0z — 20) = Kd(z — 2,)-

u t=to

Using the formula for the change of variables in the delta-function,

V2

dz
0z —2y) = ——0(2z— 2,
( ) A|x0| ( )

0z —x,) = .

r=x0

we have:

Therefore, we take

V2
Alzo|

substitute the expression for z and obtain the following fundamental solution of the
Cauchy problem for the Black-Scholes equation:

_(n|z|-In|z ‘)2 1_ B T (E_A_Z_B_z_ ) —
2A2(t0—to) +(2 A2)1n’mo‘+ 278 C)(to—t)

1
&= e ,
Alxo|/2m(tg — 1)

where ¢ < t,. It was obtained in [11] by means of the invariance principle.

The transition formula (4.15) can be used for obtaining numerous particular so-
lutions to the Black-Scholes equation in a closed form, in particular, those given by
elementary functions. For example, one can take for v any invariant solution of the
heat equation. In this way, one can obtain all invariant solutions of the Black-Scholes
equation by enumerating independent invariant solutions of the heat equation provided
by the optimal system of one-dimensional subalgebras of the symmetry algebra of the
heat equation. Another way to find particular solutions of the Black-Scholes equation
is to substitute in Eq. (4.11) any polynomials F' and F}.

90



Euler’s method and its extension to parabolic equations 91

Example 4.2. The infinitesimal symmetry
X =——av—, «a=const.,
of the heat equation v, — v,,, = 0 provides the following invariant solution:

v = [Cl cos(ay) + Cs sin(ay)]e’a%, C1,Cy = const.

Substituting it in (4.15) we obtain the following solution to the Black-Scholes equation:
u= [C’l cos <ﬁ In ‘ L ) +Cy sin (ﬁ In )ﬁ )] o(3—37) |5 ‘+(§—%2—2]%—C—a2)(to—t)’
o Lo

where (§ = O‘Tﬁ )

4.5 Non-linearization of the Black-Scholes model

Recall that the heat equation (4.4) is connected with the Burgers equation
Wr — WWy — Wyy = 0 4.18)
by the following differential substitution known as the Hopf-Cole transformation:

w2V — Olnv? .
v dy

(4.19)

Eq. (4.18) has specific properties due to its nonlinearity and is used in turbulence
theories, non-linear acoustics, etc. It seems reasonable to employ the remarkable con-
nections of the heat equation with the Black-Scholes and the Burgers equations in order
to describe nonlinear effects in finance (“financial turbulence”). Noting that the trans-
formations (4.2) and (4.5) formally bring in the heat equation a “financial content”, 1
rewrite the Hopf-Cole transformation (4.19) in the variables ¢, z, u given by (4.2), (4.5)
and the Burgers equation (4.18) in the variables ¢, x given by (4.2) and obtain:

B A Uy
w= \@(Z -5+ Ax;), (4.20)

A A A%,
w+ —=w+ — ) zw, + — z°w,, = 0. 4.21
' ﬂ( ﬂ) 2 @20

One can verify that the linear Black-Scholes equation is connected with the nonlinear
equation (4.21) by the transformation (4.20).
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4.6 Symmetries of the basic equations

For the convenience of the reader who might be interested in investigating invariant
solutions of the Black-Scholes equation and/or of the nonlinear equation (4.21), I will
list first of all the well-known symmetries of the heat equation (4.4) and of the Burg-
ers equation (4.18). Then I will recall the symmetries of the Black-Scholes equation
computed in [11] and will give the symmetries of the nonlinear equation (4.21). All
these symmetries are mutually connected by the transformations (4.2), (4.5), (4.19)
and (4.20). For the linear equations (4.4) and (4.1) I will omit the trivial infinite part
of their symmetry algebras appearing due to the superposition principle. For example,
for the heat equation this trivial part comprises the operator

0
X* = U*(Tvy)%v

where v, (7, y) is any particular solution of Eq. (4.4).

4.6.1 Symmetries of the heat and Burgers equations

The symmetries of the heat equation (4.4) are:

Xlzai:_, ng(%, X3:2T%+y§y, X4:vé%, (4.22)
X5:2T%—yv%, X6:T2%+Ty§y—i(27'+y2)v%'
The symmetries of the Burgers equation (4.18) are:
Xlza%_, XQ:(%’ X3:2T§T+y(%—wa%, (4.23)
X4—T§y—%, 5272%%—7?/%—(?;—{—710)6&

To obtain the symmetries (4.23) of the Burgers equation there is no need to solve
the determining equations. They can be obtained merely by rewriting the symmetries
(4.22) of the heat equation in terms of the variable w given by Eq. (4.19). I will
illustrate the procedure by the operators X5 and X from (4.22).

Let us begin with X5. We extend it to v, by the usual prolongation formula,
0 0 0

Xy =2T— —yv— — —

s=2rg — g = (v am)g

and act on the dependent variable w of the Burgers equation. Using the definition
(4.19) of w we have:

2 v
Xs(w) = == (v +yv,) +2(yo) 5 = =2.
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Hence, X5 is written in terms of the variables 7,y and w of the Burgers equations as
follows:

Up to the unessential coefficient 2, this is the operator X4 from (4.23).
Proceeding likewise with the operator X we obtain:

0 o 1 0 1 1 0
Xo =72 4 1y’ — (2 2—"{—2 2 - 2
6 TaT—i-Tyay 4(T+Z/)Uav 4(T+y)vy—l—2yv+7vy o,

;&@ﬁz—y—%g%z—@+¢w%

and hence we get

0 0 0
Xo =12 — — —
6=T 8T+Ty8y (y—l—Tw)aw,
i.e. the operator X5 from (4.23).
If we will perform the similar procedure with the operator X4 from (4.22), we will
see that its action on the variables of the Burgers equation is identically zero. Indeed,

its prolongation to v, is written

0 0
X e —_ —_—
1T %% —H]yﬁvy ’

and hence X4(w) = 0. Therefore X, does not provide any symmetry for the Burgers
equation, and hence the Burgers equation possesses only five Lie point symmetries.
4.6.2 Symmetries of the Black-Scholes equation

The Black-Scholes equation has the following symmetries obtained in [11] by solving
the determining equations. They can also be obtained by subjecting the symmetries
(4.22) of the heat equation to the transformations (4.2), (4.5).

0 0 0 0 0

Xi=—, Xo=0—, X3=2t— 1 Pt)r— + 2Ctu—

1= Xemeg, Xa=dg (e Phag 4 2Ctug

0 0 0

xg::uga, ;X5:14%xgg-+(1nx——}%)u55, (4.24)
Xe = 21421522 + 21422f:r,‘1r1:102 + [(lnx — Piﬁ)2 +2A%Ct? — A%}u—

‘ ot dr du’

where P is the constant defined by
P—B-inp
2
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4.6.3 Symmetries of the nonlinear equation (4.21)

Let us obtain the symmetries of the nonlinear equation (4.21) by subjecting the sym-
metries (4.23) of the Burgers equation to the transformation (4.2) written in the form
A
t=ty—7T, x=mpevs. (4.25)

It is manifest that the transformation (4.25) maps the first operator (4.23) into

0
X1 =—=—"
P o
For the second operator (4.23) we have
A 4 A
Xo(r) = —=20eV2 = —(=7
2( ) \/§ 0 \/5
Hence, ignoring the unessential constant factor we obtain
0
Xo=0—"
2= Tor
For the third operator (4.23) we have
A
X3(t) = =21 =2(t — tg), Xz(x)=—yxr =x(In|x|—In]|xy|).
3(1) (t—to), Xs(z) Y (In || = In |o])
Therefore the operator X3 from (4.23) becomes
0 0 0
0 0 0
= 225& + rln |ZE|% — w% — 2t0X1 —1In |£E0|X2,

where X; and X, are given above. Taking it modulo X, X5, we obtain the following
operator admitted by Eq. (4.21):
0 0 0
X3 =2t— 1 — —w=—"
’ 8t+x nm@x Yow
Proceeding likewise with remaining two operators from (4.23) we arrive at the follow-
ing symmetries of Eq. (4.21):

0 0 0 0 0
Xl—a, XQ—I%, Xg—2ta+l‘hl|l’|%—w%,
X4:Atx3+\/§ i, (4.26)
ox ow
0 0 V2 0
— 427 _ — .
Xs;=t T +txln|x|am + ( 1 In |x| tw) 5
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4.7 Optimal system of one-dimensional subalgebras for Eq. (4.21)

The structure of the Lie algebra L5 spanned by the operators (4.26) is described by the
following commutator table.

X1 X X3 X, | X5
X, o 0 | 2X; | AN, | X,
X, 0 0 | X, | 0 |[LIx, o
X, | 2%, | =X, | 0 | X, | 2x,
X, | —AX, 0 —Xy 0 0
X, =X | —IX,[—2X;| 0 | 0

The Lie algebra L; spanned the symmetries (4.26) provides a possibility to find
invariant solutions of Eq. (4.21) based on any one-dimensional subalgebra of the al-
gebra Ls, i.e. on any operator X € L. However, there are infinite number of one-
dimensional subalgebras of Lj since an arbitrary operator from L5 is written

X=X, +...+0X;, (4.28)

and hence depends on five arbitrary constants /!, . .., [°. In order to make this problem
manageable, L.V. Ovsyannikov [12] (see also [13]) introduced the concept of optimal
systems of subalgebras® by noting that if two subalgebras are similar, i.e. connected
with each other by a transformation of the symmetry group, then their corresponding
invariant solutions are connected with each other by the same transformation. Conse-
quently, it is sufficient to deal with an optimal system of invariant solutions obtained,
in our case, as follows. We put into one class all similar operators X € L5 and select
a representative of each class. The set of the representatives of all these classes is an
optimal system of one-dimensional subalgebras.

Now all invariant solutions can in principle be obtained by constructing the invari-
ant solution for each member of the optimal system of subalgebras. The set of invariant
solutions obtained in this way is an optimal system of invariant solutions. It is worth
noting that the form of these invariant solutions depends on the choice of represen-
tatives. If one constructs an optimal system of invariant solutions and subjects these
solutions to all transformations of the group admitted by the equation in question, one
obtains all invariant solutions of this equation.

Let us construct an optimal system of one-dimensional subalgebras of the Lie al-
gebra L; following the simple method used by Ovsyannikov [12].

2He considered subalgebras of any dimension. We need here only one-dimensional subalgebras.
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The transformations of the symmetry group with the Lie algebra L5 provide the
S-parameter group of linear transformations of the operators X € L5 (see examples in
Section 4.8.12) or, equivalently, linear transformations of the vector

L= (I'...,1%), (4.29)

where [!, ..., [° are taken from (4.28). To find these linear transformations, we use
their generators (see, e.g. [14], Section 1.4)

, 0
Eu:cfwl%, p=1,...,5, (4.30)

where c;\w are the structure constants of the Lie algebra L5 defined by
(X, X)) = ¢, X
Let us find, e.g. the operator F;. According to (4.30), it is written

0
B=ard

o’

where ¢}, are defined by the commutators [X;, X,] = ¢;, X, i.e. by the first raw in
Table (4.27). Namely, the non-vanishing C,Aw are

1 2 2
3 =2, cu=4, ;=1

Therefore we have:

0 0 0
Ey=28— +A' = +1°P—.
e T ERR T
Substituting in (4.30) all structure constants given by Table (4.27) we obtain:
0 0 0 0 1.0
Ey=28— + A*— +PP—= Ey=DP—+-1P—
et e T e T e T At o
By ot 0 a0 g 0 0

ol ol? ol o’ ol? o’
Es = lli—iﬁa 2l38

tasmatan W “.31)

Let us find the transformations provided by the generators (4.31). For the generator
E, the Lie equations with the parameter a; are written

. di? . B - di* di®
— =P, — = A", P, —=0 —=
dal da1 d(ll da1 dal

0.
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Integrating these equations and using the initial condition [ —— [, we obtain:
B ' =142+ a2, 2=+ a Al
12 =10+ a0, [t =1 [°=1. (4.32)
Taking the other operators (4.31) we obtain the following transformations:

By: D=0 P=Poal’ =P =0+ 20, =P (433

By: ['=a3%1', [2=a3'% [P=1P, [*=asl*, [°=d2°>, (434)
where a3 > 0 since the integration of the Lie equations yields, e.g. [* = [*e® = a3l*;

Ey: I'=1 P=P-aqAl', P=F ["=I"-—wl, "= (435

Es:  I'=1, 1P=01 P=P—asl

24:14—%12, I° =15 — 2a50% + 2", (4.36)

Note that the transformations (4.32)-(4.36) map the vector X € L5 given by (4.28)
to the vector X € L5 given by the following formula:

X=0'X,+... +1°X;. (4.37)

Now we can prove the following result on an optimal system of one-dimensional
subalgebras of the five-dimensional Lie algebra of symmetries of Eq. (4.21).

Theorem 4.1. The following operators provide an optimal system of one-dimensional
subalgebras of the Lie algebra L5 with the basis (4.26):

X1, Xo, Xs+kXy, Xy, Xi+4+Xy Xi—Xy
Xs, X+ X, Xo + X5, Xy — X, (4.38)

where £ is an arbitrary parameter.

Proof. We first clarify if the transformations (4.32)-(4.36) have invariants J(I1, ... [?).
The reckoning shows that the 5 x 5 matrix ||c}, 1| of the coefficients of the operators
(4.31) has the rank four. It means that the transformations (4.32)-(4.36) have precisely

one functionally independent invariant. The integration of the equations
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shows that the invariant is
J = (l3)2 — ', (4.39)

Knowledge of the invariant (4.39) simplifies further calculations significantly.

Since X5 is the most complicated operator among the symmetries (4.26), we will
try to exclude it from the operators of the optimal system when it is possible. In other
words, we have to annul [; if possible. It is manifest from Eqgs. (4.32)-(4.36) that we
can annul /5 only by the transformation (4.36) provided that /' and I*> do not vanish
simultaneously.

The last equation in (4.36) shows that if [ # 0, we get Is; = 0 by solving the
quadratic equation [° — 2a5l® + a2l' = 0 for as, i.e. by taking

BtV
= —.

where J is the invariant (4.39). We can use Eq. (4.40) only if J > 0.

Now we begin the construction of the optimal system. The method requires a sim-
plification of the general vector (4.29) by means of the transformations (4.32)-(4.36).
As a result, we will find the simplest representatives of each class of similar vectors
(4.29). Substituting these representatives in (4.28), we will obtain the optimal system
of one-dimensional subalgebras of L;. We will divide the construction to several cases.

(4.40)

as

471 Thecase [' =0
I will divide this case into the following two subcases.
1°. I3 # 0. In other words, we consider the vectors (4.29) of the form
(0,02, 13,115, I3+#0.
First we take a; = [°/(213) in (4.36) and reduce the above vector to the form
(0,12,13,1*,0).

Then we subject the latter vector to the transformation (4.35) with a4 = [*/I and
obtain the vector
(0,12,12,0,0).

Since the operator X is defined up to a constant factor and I3 # 0, we divide the above
vector by [ and transform it to the form

(0,k,1,0,0).
Substituting it in (4.28), we obtain the operator

X; + kX, (4.41)
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with an arbitrary parameter k.

2°. 13 = 0. Thus, we consider the vectors (4.29) of the form
(0,1%,0,1*,1).

2°(1). If I? # 0, we can assume [? = 1 (see above), use the transformation (4.36)
with a5 = Al* and get the vector

(0,1,0,0,0°).

If I> # 0 we can make [> = £1 by the transformation (4.34). Thus, taking into account
the possibility /> = 0, we obtain the following representatives for the optimal system:

Xoy Xo+ X5 Xo—Xs. (4.42)

2°(2). Let [ = 0. If I> # 0 we can set [° = 1. Now we apply the transformation
(4.33) with ay = —Al* and obtain the vector (0,0,0,0,1). If [5 = 0 we get the vector
(0,0,0,1,0). Thus, the case [? = 0 provides the operators

Xy, X (4.43)

472 Thecase I'#£0,J >0

Now we can define a5 by Eq. (4.40) and annul P by the transformation (4.36). Thus,
we will deal with the vector

(I 2,8,04,0), 1" #0.

Since J is invariant under the transformations (4.32)-(4.36), the condition J > 0 yields
that in the above vector we have [> # 0. Therefore we can use the transformation
(4.35) with ay = 1*/1% and get [* = 0. Then we apply the transformation (4.32) with
a, = —I'/(2I%) and obtain [' = 0, thus arriving at the vector (0,2, 13,0, 0), and hence
at the previous operator (4.41). Hence, this case contributes no additional subgroups
to the optimal system.

473 Thecase I' #0, J =0

In this case Eq. (4.40) reduces to as = [3 /1.

If I3 # 0, we use the transformation (4.36) with a5 = [*/I' and obtain /> = 0. Due
to the invariance of J we conclude that the equation J = 0 yields (I*)? — [*[° = 0.
Since [° = 0, it follows that I*> = 0. Thus we can deal with the vectors of the form

(I',12,0,1*,0), 1*#0. (4.44)
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Furthermore, if [* = 0, we have J = —['[°, and the equation J = 0 yields I> = 0
since I! # 0. Therefore we again have the vectors of the form (4.44) where we can
assume /' = 1. Subjecting the vector (4.44) with [! = 1 to the transformation (4.35)
with a, = [?/A we obtain /2 = 0, and hence map the vector (4.44) to the form

(1,0,0,1%,0).

If [* # 0, we use the transformation (4.34) with an appropriately chosen a3 and obtain
[* = £1. taking into account the possibility [ = 0, we see that this case contributes
the following operators:

Xy, X+ Xy, Xi—Xg (4.45)

474 Thecase I' #0, J <0

It is obvious from the condition J = (I*)> — [*[® < 0 that [° # 0. Therefore we
successively apply the transformations (4.36), (4.35) and (4.33) with a5 = [3/1', a4 =
I?/(Al') and ay = —Al*/I°, respectively and obtain [* = [*> = [* = 0. The components
[ and [° of the resulting vector

(1',0,0,0,1%)

have the common sign since the condition J < 0 yields [*I> > 0. Therefore using the
transformation (4.34) with an appropriate value of the parameter a3 and invoking that
we can multiply the vector [ by any constant, we obtain [* = [° = 1, i.e. the operator

X; + Xs. (4.46)

Finally, collecting the operators (4.41), (4.42), (4.43), (4.45) and (4.46), we arrive
at the optimal system (4.38), thus completing the proof of the theorem.

Remark 4.2. The commutator table of the symmetries (4.23) of the Burgers equation
(4.18) has the form (4.27) with A =1 :

Xl X2 X3 X4 X5

X, [ 0 0 | 2X; | Xa | X3
Xy 0 0 Xy 0 | Xy
(4.47)
X3 —2X1 —X2 0 X4 2X5
Xy || —Xo 0 —X; | 0 0
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Therefore an optimal system of one-dimensional subalgebras of the Lie algebra L
of the symmetries of the Burgers equation is given by (4.38),

X1, Xo, Xg+kXy, Xy, Xi+Xy o Xi— Xy
X57 Xl + X57 X2 + X57 X2 - X57 (448)

with the operators X7, ..., X5 taken from (4.23).

4.8 Invariant solutions of Eq. (4.21)

In order to construct an optimal system of invariant solutions, we have to find the
invariant solution for each operator of the optimal system (4.38). For the sake of sim-
plicity, we will make the calculations for positive values of the variables ¢ and x.

4.8.1 Invariant solution for the operator X

Two functionally independent invariants for the operator X; are x and w. Conse-
quently, the invariant solution is the stationary solution, w = w(z). For this solution,
Eq. (4.21) yields the following second-order ordinary differential equation:

(w + %) xw + % z?w" = 0. (4.49)
By setting
2 A
Y = £ (w + —)
A V2
or

A
7§(¢—1)»

and considering v as a function ¢ = () of the new independent variable

z=Inz,
we rewrite Eq. (4.49) in the form
77ZJ// _wl+1/}¢/ — O
Integrating it once, we obtain
1 1
w'_w+§¢2: 5[(1, (4.50)

The general solution to Eq. (4.50) is given by quadrature:
2dv)
—— = — K 4.51
/¢2—2¢—K1 <Z+ 2)7 ( )
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and can be written in terms of elementary fuinctions. Namely, consider the equation
2 — 2 — Ky = 0.
According to the solutuion formula ¢ = 1 £ /1 + K, we deal with three cases:
() K =-1, ()1+K =a*>0, (ii)l+K, =—-a*<0.

In the first case we have ¢? — 2¢p — K| = (¢» — 1)? and the integral in (4.51) is

/ 2da) / 2dp 2
P =29 — Ky (p-12 -1

Therefore Eq. (4.51) yields

2
—1= .
77Z) z + K2
Thus, the first case leads to the following solution of Eq. (4.50):
0 A
i = ="
Ko +Inx

In the second case we have 1) — 2¢) — K; = (¢ — 1 — a)(¢ — 1 + «), and hence

2d1) 1 Y-l+a
/wz—w K /¢—1—a /¢—1+a __Eln¢—1—a'

Therefore Eq. (4.51) yields

B + 1
Bevr — 1"

Thus, the second case leads to the following solution of Eq. (4.50):

(8 = const.

Yv—1=«

. Aa fx* +1
1 W=—4—=—""—, «, = const.
In the third case the integral in (4.51) is written
2dv 2 ; <¢ — 1)
= — arctan )
P2P=2Yv+14+0%2 « a

Therefore Eq. (4.51) yields
-1 :atan(—%(z+K2)>.
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Thus, the first case leads to the following solution of Eq. (4.50):

(iii) w = — tan

V2

Summing up, we conclude that the operator X; provides the invariant solution
given by the following formulae:

Aa (ﬁ—%lnx).

AV2

(i) w:K—i—lnx;
Ao Bz +1
i) w= 702‘ gza J_r - (4.52)

(iii) w = A_\/c% tan (ﬁ - % lna:).

4.8.2 Invariant solution for the operator X,

The operator X5 from the optimal system (4.38) yields w = w(t) and provides the
trivial invariant solution
w= K, K = const. (4.53)

It can be obtained from the solution (4.52)(ii) by letting 3 = 0 and « be arbitrary.

4.8.3 Invariant solution for the operator X3 4+ kX,

The operator

0 0 0

has the invariants ]
A= T . o =+Vtw.

NG
Therefore the candidates for the invariant solutions are written
A k+1
w:M’ )\:ﬂ. (4.54)
Vi Vi
The reckoning shows that
1 SDl 1 g0// S0/
Wy = ——F= + A I)u Wy = T, wx:v:_( __)
a2 <(p 7 tx 2\n2 1

Substituting (4.54) and the above expressions for the derivatives in Eq. (4.21) we

obtain: ) /3
A 2 1
NG [90” + e - le+ Np’)] =0,
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whence

V2 1 1 1 '
n, V&L )\/:(/ 2__)\):0_
¢+ — e+ ) At IBY T

Integrating the above equation once, we obtain the Riccati equation

1, 1
AV2 A
Thus, the invariant solution for the operator X3 4+ kX5 has the form (4.54), where the
function () is defined by Eq. (4.55).

90’ + /\(70 = f{7 K = const. (455)

4.8.4 Invariant solution for the operator X,

The invariants for the operator X, are t and ¢ = tw— % In x. Therefore the candidates
for the invariant solutions in this case have the form

V2 Inx
= 1200
w= " ==+ ()
One can easily verify that Eq. (4.21) yields
P
- =0
¢ + ; )

and hence (t) = K/t. Thus, X, provides the following invariant solution

w = %(% Inz + K), K = const. (4.56)

4.8.5 Invariant solution for the operator X; + X,

The operator

) ) B
X+ X, = — 4+ Ate— +Vo—
1+ Xy = oo+ x@w+\/_8w

has the invariants A
Azlnx—§t2, © =w— V2t

The candidates for the invariant solutions are obtained by letting ¢ = ¢(\). Hence

A
w=V2t+ p()), Azlnx—§t2. (4.57)
Calculating the derivatives:
— \/_ _ / _ l / _ i no__
w=V2—Aty', we=—¢, we=— (9" —¢),
x x
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and substituting in Eq. (4.21) we obtain for ¢(\) the ordinary differential equation

\/5 2\/_
n, V& ave
('0+ASOQD+A2 0

Integrating it once, we arrive at the following Riccati equation:

1 9
A\/_ o —\/_A K, K = const. (4.58)

Thus, the invariant solution for the operator X; + X, has the form (4.57), where the
function ¢(\) is defined by Eq. (4.58).

4.8.6 Invariant solution for the operator X; — X,

Proceedings as in the case of the operator X; + X, one can verify that the invariant
solution for the operator X; — X, has the form

A
w=p(\) —V2t, /\:lnx+§t2, (4.59)

where the function ¢()) is defined by the following Riccati equation:

1 2
v s V2, K, K = const. (4.60)

+ - —
AT TR
4.8.7 Invariant solution for the operator X5
The reckoning shows (cf. Section 4.8.8) that the operator

0 0 V2 0
X5 =t g—i—mlnx%—l— (7 lnx—tw)ﬁ—w

has the invariants
Inz

2
)\:T, @:tw—jlnx

Letting ¢ = ¢(\) and substituting the resulting expression

_V2he o()

At t
in Eq. (4.21) we obtain
A? V2
o ¢+ g ee] =0
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or

90+§w—<<p+Af )l 0,

whence

1

/ 2
+ ——= ¢ = const.
AVa Y
Integration of this equation yields

. _ Aa Be* — 1
(i) P(A) = ﬁ m7

. Aa fe +1
(11) SO()\> - E ﬁea)\ -1 ;
Aa
(iii) p(A\) = ﬁ tan (ﬁ ) ),

where «, 3 = const. Hence, X5 provides the following the invariant solutions

) V2 A’a Be — 1 Inzx
(1) UJ—E |:1H$+TW:|, )\—T, (461)

y V2 Al B 41
i w="5 {“””Taﬁ}’
(iii) w = ﬁ [lnx+A72a tan <B—§A>]

4.8.8 Invariant solution for the operator X; + X5

This case is useful for illustrating all steps in constructing invariant solutions based on

a rather complicated symmetry. Therefore, I will give here detailed calculations
In order to find the invariants for the operator

0 0 2 0
Xi+X5=X5= (1+t2)a+txlnx% + (g lnx—tw> S

we have to find two functionally independent first integrals of the characteristic system

dt dx dw

14+t tzlnz -

(4.62)
% Inx —tw
of the equation

(Xl + X5)J(t,a:,w) =0
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for the invariants. Rewriting the first equation of the characteristic system in the form

dlnx_ tdt
Inz 1+

1d(1+¢%)
2 1+4¢

and integrating it we obtain the first integral
In(Inz) = In(1 + t*) + const.,

which is convenient to write in the form

Inz

V14t

The left-hand side of this first integral provides one of the invariants:

= const.

A\ =

Vit
Let us integrate the second equation of the characteristic system (4.62),

dt dw

We rewrite it in the form

dw n tw V2 Inz
dt  1+¢2 A 1+¢2’
eliminate = by using the first integral found above, namely, replace In x by Av/1 + 2,

and obtain the following non-homogeneous linear first-order equation:

d_w tw _Q Inz
dt  14+t2 A 1+

The method of variation of the parameter yields its general solution

V2 tinzx n %
W= —
A1+t V142

where ¢ is the constant of integration. Solving the above equation with respect to
one obtains the second invariant

(4.63)

2 tl
4,0:\/1—1—75210—£ ne
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However, the last step is unnecessary. Indeed, we let ¢ = () directly in Eq. (4.63)
and obtain the following candidates for the invariant solution:

V2 tha ©(A) ~ Inxz 4.64)

CTATRE  Vize T Vite
According to the general theory of invariant solutions (Lie [15], Ovsyannikov [12]),
the substitution of (4.64) in Eq. (4.21) will reduce Eq. (4.21) to an ordinary differential
equation containing only A, () and the derivatives ', ¢” of (). Let us proceed.
Egs. (4.64) yield:

\ = tlnzx . 1
o+ enire 7 s/t e
and
V2 Inz 22 £z to tnz
Wy = —— — - - ,
PTOA 1442 A (14822 Q1+2)W1i+e2 (1+2)?
V2 ot ¢’
Wy = — + s
A z(1+¢t?)  z(1+1t?)
\/5 t S0/ S0//
Wyy =

P J— + .
A 221+ 22(1+12)  22(1+2)V1+ 12

Accordingly, we have:

A( A) A
W+ —=|w+ — xwm—l—?xwm

V2 V2
_ V2 Inx 2V/2 tlnz to tlnz
AT+ A Q482 Q+e)ire (1+1)?

t1 A A? 2t !

Y L V2 + 2
1+22 V2112 2 )\ A 1+82 148
A t A2 (,0, A2 90”

+_
V2 14182 2 1482 2 (14+12)/1 + 12

A? S V2, 2V2 Inz
2(1 +2)V1 + t2 A A3 V1442

Replacing in the last line ¢’ by 3(?)’ and noting that -2, = )\, we see that Eq.

1+¢2
(4.21) reduces to the following ordinary differential equation for () :
1 2v/2
" + 2\/ + A — 0
AW () +—5
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Integrating it once, we arrive at the following Riccati equation:

' 1 \/§ 9
+ A=K, K = const. 4.65
@ A f @ (4.65)

Thus, the invariant solution for the operator X; + X5 has the form (4.64), where the
function ¢(\) is defined by the Riccati equation (4.65).
4.8.9 Invariant solution for the operator X, + X5

For the operator

0 0 V2 B
2+ Xs =X =t +al +t“)ax+(,4 ne ““)aw

we have the following characteristic system for calculating the invariants:

dt dx B dw
2 x(l+tlnz) % Inz —tw

Writing the first equation of this system in the form

dlnzx dt

1+tlne 2’

we obtain the non-homogeneous linear first-order equation

dlnz 1
i ln x + 2
Solving this equation, we have
1
lne=——+ M\ 4.66
nz 5 T (4.66)

where A is the constant of integration. Hence, we have found the following invariant:

Inz 1
A= — + —
t +2252

Now we write the second equation of the characteristic system in the form

dw w_ﬂlnx

ad T A
which upon replacing In z by its expression (4.66) becomes:

d_w w \/§<)\ 1)

t 23/

a T T A
109



110 N.H. Ibragimov

Solving this linear first-order equation we have:

where ¢ is the constant of integration. Replacing here \ by its expression given above
and letting o = ¢(\), we obtain the following candidates for the invariant solution:

V2 /lnz 1 w(A) Inz 1
““7(7*?2)*7’ AT (67

Substituting (4.67) in Eq. (4.21) we obtain the following equation:

2v/2
_|_— 2/__:0
© Aﬁ(w) Ve

which, upon integrating, yields the Riccati equation (4.60),

1 2V/2
(S 2——/\ K, K = const.
A\/ESD A3

Thus, the invariant solution for the operator Xy + X5 has the form (4.67), where the
function () is defined by the Riccati equation (4.60).
4.8.10 Invariant solution for the operator X, — X5

The invariant solution for the operator X, — X5 has the form

V2 (lnzx 1 ©(A) Inz 1
S e I A A 4.
v ( t t2)+ t t 22 (4.68)

where the function ¢()) is defined by the Riccati equation (4.58),

1 2v/2
+—)\ K, K = const.
Afw

4.8.11 Optimal system of invariant solutions

Summing up the results of Section 4.8 and noting that invariant solutions based on
two-dimensional subalgebras are particular cases of those based on one-dimensional
subalgebras, we can formulate the following theorem.

Theorem 4.2. Every invariant solution of Eq. (4.21) is given either by elementary
functions or by solving a Riccati equation. The following solutions provide an optimal
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111

system of invariant solutions so that any invariant solution can be obtained from them
by transformations of the 5-parameter group admitted by Eq. (4.21).

AvV2
(i) we AV ;
K+Inx
(ii) w—@ﬁxa—i_l.
V2 B =17
Aa
_ A, _ oy
(ili) w 7 an (5 5 n:c)
:go(/\) )\:k—i-lnx
Vi vt
1
where —i—m(f—ﬁ)\gp:[(.
1/v?2
A,
w =2t + (N, )\zlnx—Et,
1 2v/2
where <p2—|——>\:K.
NG
A,
w=p(\) —V2t, )\zlnx+§t,
1 2v/2
where ©? ——)\ K.
oA
. V2 T aﬁe""\ 1
B V2 A’ e + 1
(11) w:A—t 1n$+7ﬁeT:|,
V2 T A’ Q
(iii) W= _lnx+7tan(ﬁ—§)\>].

111
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2 tl 1
wzitnx+ ©(N) y o _nw 475)

A1+ V142 Vi’

where gp —|——)\2:K.

V2 (lnx 1 ©(A\) Inz 1
_VE(RT L, ) A R, 4.76
v A(t+t2>+ t T (4.76)
1 22
where '+ —=¢p* - —- A=K
¥ A\/igp 12
V2 (Ilnz 1 ©(N) Inz 1
_ve(="_ = Y A= — — — 4.77
v A(t t2>+ t t 2 @77
1 2v/2
where ¢’ + 2—1——\/_)\:[(

In these solutions, «, 3, k and K are arbitrary constants.

4.8.12 How to use the optimal system of invariant solutions

Subjecting the optimal system of invariants solutions to the group transformations
generated by the operators (4.26), one obtains all (regular) invariant solutions of Eq.
(4.21). One can easily verify that the optimal system of invariant solutions (4.69)-
(4.77) contains 25 parameters including £ in (4.70). Since each of the thirteen types
of of solutions (4.69)-(4.77) will gain four group parameters after subjecting it to the
transformations generated by the operators (4.26) (not five due to the invariance of the
solution under consideration with respect to one operator), we see that the invariant
solutions provide a wide class of exact solutions containing 77 parameters.

I will illustrate the method by means of the group transformations generated by the
last operator from (4.26):

5 0 0 V2 0
X5 = a +txlnm£ (— lnx—tw) v
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The Lie equations

dt _

— =1 f|, =t

da ’ |a:0 ’

dz tzlnz 7|

— = nr, T =,
da a=0

dw \/51 o

— =—1Inz —tw, w|  =w,
da A a=0

provide the following group transformations:

t i Inx
PR r = eXp( ) )
1—at 1—at

2
w=(1—at)w+ g alnz. (4.78)

t =

Note that the inverse transformation is obtained from (4.78) by exchanging the vari-
ables ¢, T, w with ¢, z, w and replacing the group parameter a by —a. Hence:

‘o t B ( Inz >
Tiya TTP\Ta)
_ 2
w=(1+at)w— % alnz. (4.79)

Let us apply the transformation (4.78) to the trivial invariant solution (4.53) ob-
tained by using the operator X5. Since Eq. (4.21) is invariant under transformation
(4.78), let us write the solution (4.53) in the form w = K. Using (4.78), we obtain

2
(1 —at)w+ %alnx: K.

Upon solving this equation for w, we obtain the following new solution to Eq. (4.21):

1 V2
w=—— (K—Talnx) (4.80)

According to our construction, the solution (4.80) is invariant under the operator )?2
obtained from X by the transformation (4.78). Let us find X5.

Since the solution w = K is written in the variables ¢, T, w, the operator X, leaving

it invariant should also be written in these variables. Therefore we take it in the form
— 0

Xo=T—

2 oz
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and denote by X, its expression

s = .0 = 0 = 0
Xo=Xo(t) - + Xo(v) 5= + X — 4.81
2 2 )8t + 2(5'3')&6 + 2(w)aw (4.81)
written in terms of the variables ¢, z,w defined by Eqgs. (4.79). We have X,(t) = 0
and s
- ox x — 2
XQ(I):'ZE% 1+at—:(]—_at)x, XQ(/LU):—ZCL

because 1 + at = (1 — at)~'. Therefore

> o V2 0 0
Bmmael - V202 084,20, 50
2(a>aanw or A V25,
Comparing the result with the operators (4.26) we conclude that the transformation
generated by X5 maps X5 to the operator

X=X, — 2 x,. (4.82)
A
One can easily check that the solution (4.80) is invariant under the operator (4.82).
Applying the above procedure to the invariant solution (4.52) one can verify that
the transformation (4.78) maps the solution (4.52) to the new solution

I Bexp(§2F) +1  V2a Inz 4.83)
C V2(1—at) fexp(él)y —1 A 1-—at '

The corresponding operator X is transformed by Eq. (4.81) where X is replaced by
X4, namely:

g %0 w0 w0
YT otot T ot 0 | Ot Ow
1 0 alnz 0 0

T (Atab?ot (1 —I—aﬂ2 oz " ouw

Replacing here , Z, w by their expressions (4.78), we obtain:

~ 0 0 V2 0
— (1 — 27 _ — = —
X; = (1 —at) g a(l at):z:ln:cax + a[(l at)w + 1 aln:c] 9e = B
0 0 0 , 0 o V2 0
—afzrgy eimagy —uge [ alitg rteags + (e~ 5]

Hence, the image X of the operator X is presented by the following linear combina-
tion of X, X5 and Xj : _
X1 :Xl —GX3+G2X5. (484)
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One can verify that (4.83) is the invariant solution under the operator X,
The same procedure is applicable to the invariant solutions defined by solving Ric-
cati equations. Starting, e.g. with the invariant solution (4.57) written in the form

_ . A
W =V2t+ (N, )\:lnir—al?,
we arrive to the new solution
t a Inx () Inx At?
_ 53 _a _ . 4.85
v \/_(1—at)2 AT—at) 1w P ioa 20 —ay Y
where (1) is defined by the Riccati equation (4.55):
dip 1, 2V2
— 4+ ——=¢"+ ——pu =K, K = const. 4.86
FTRWG e (4.86)

Applying the previous procedure to the operator X3+ kX5 giving the invariant solution
(4.57) we obtain that it is mapped to the operator

. i
Xyt kXo = Xs+ kXy —a <2X5 + ZX4> (4.87)

and that (4.85) is the invariant solution with respect to the operator (4.87).

It is easier to find the transformations (4.82), etc. of operators by using Egs. (4.37)
and (4.36) instead of the more complicated transformation rule (4.81). Let us find, e.g.
the transformations of the operators X; and X, given by Egs. (4.37) and (4.36). For
the operator X the vector [ has the form

[ =(1,0,0,0,0).
It is mapped by (4.36) with a5 = a to the vector
[=(1,0,—a,0,a?).
Substituting the coordinates of this vector in Eq. (4.37) we obtain
)?1 =X, —aX;+ad*X;,
1.e. the operator (4.84). Likewise, the coordinate vector
[ =(0,1,0,0,0)
for the operator X, is mapped by (4.36) to the coordinate vector

~ a
= 1 _—
l=(0,1,0, ,0)
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of the operator (4.82):

> a
X2:X2—2X4.

Furthermore, the coordinate vector
l=1(0,k1,0,0)
for the operator X3 + kX5 is mapped by (4.36) with a; = a to the coordinate vector

~ k
[ =(0,k,1, _Za ,—2a)
of the operator (4.87):
ka

Xg‘Fk’)?Q :X3+k3X2 - ZXAL —2(1X5.

4.9 Optimal system of invariant solutions for the Burgers equation

An optimal system of invariant solutions for the Burgers equation (4.18) can be ob-
tained by using the optimal system (4.48) of one-dimensional subalgebras for the Burg-
ers equation and proceeding as in Section 4.8.

An alternative way 1is to rewrite the optimal system of invariant solutions (4.69)-
(4.77) for Eq. (4.21) in the variables 7,y given by (4.2). Let us apply this method to
the solution (4.69). Substituting the expressions for ¢, z given by Egs. (4.25):

Ay

t=1ty—7T, «=mx0€v2

we have:

AV2 A2 2

_K+lnx_K+lnxo+% Y+

(i) w

(i) Aa Bz +1 A« ﬁxoe%y +1 ve’V + 1
V2 Bz =1 2 greviy 1 ey —1

(iil) w = Aa tan (6 _ 2 lnx)

V2 2
= A_\/c% tan [ﬁ—%(lmxo—i—%)] = o tan (7—%y>.

Note that the solution (ii) can also be written in the following form:

. . O
w:atanh('y+§y>.
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Taking the solution (4.71) and proceeding likewise, we obtain the following solu-
tion to the Burgers equation:

y+ K
t(]—T

w =

, K = const.

The similar approach is applicable to the solutions involving the Riccati equa-
tion. For example, the solution (4.72) leads to the following solution to the Burgers
equation:

Ay A2
w=V2(ty—7)+ A), A=Inlzg|+ —=— —(t —7)?
(t =) + (3) fro + 2 = lto = )",
where ¢()) is defined by the same Riccati equation as in (4.72).

Dealing likewise with all solutions (4.69)-(4.77) for Eq. (4.21), we arrive at the

following statement similar to Theorem 4.2.

Theorem 4.3. Every invariant solution of the Burgers equation (4.18) is given either
by elementary functions or by solving a Riccati equation. The following solutions
provide an optimal system of invariant solutions so that any invariant solution can be
obtained from them by transformations of the group admitted by the Burgers equation.

. 2
) w=—:;
(1) ——
(id) w:awz6tanh<’y+€y)‘ (4.88)
yeoy — 1 27)7
o
(iii) w—atan(7—§ )
p(A) 1 Ay
= \ = k+1 — 4.89
v e A e G ) .
1
h K.
where @ +A\/_ e p=
w=4FE (4.90)
t()—T
A A?
w=vV2@to—7)+e(\), A= ln‘x0|+7%—7(t0_7)2 4.91)
1 2
where '+ —— —i——\[)\ K.

Az’
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A
=y

V2

= In|zo| +

(i) w=

to—T L

1

to—T L

(iii) w =

w

(to —7)(y + K)
1+ to—T

p(A)
VIt (to—1)2
V2

g0+

where '+ —— )\Q:K.

AV2
_Ay+V2hja V2
- A(t() — 7') A(to — 7')2
Ay + V2 In x|
V2t - 1) 2ty — 1)’
1 2v/2
A
Ay + V2 In |z V2
T Alto—71)  Altg—1)?

_ Ay 4+ /2 In |z
V2(to — 7)

(N

to—T’

1

where ' + A= K.

p(N)

tO—T’

1
2t —7)°

2
where g02+—)\:K.

Y

RCEE

A2

5 (4.92)

(to — 7)%,

In |zo| + 22
7ol + 2 (4.94)

(4.95)

(4.96)

In these solutions, 0,7, k and K are arbitrary constants.
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CLASSICAL AND NEW RESULTS
ON INTEGRATING FACTORS

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Research Centre ALGA: Advances in Lie Group Analysis,
Blekinge Institute of Technology,
SE-371 79 Karlskrona, Sweden

Abstract. Current developments in the theory of integrating factors for higher-order ordinary
differential equations are compared with classical results on integrating factors for arbitrary
first-order equations and multipliers for higher-order linear differential operators. It is shown
how to employ the potential of integrating factors for reducing the non-homogeneous second-
order linear equation to the homogeneous equation. This approach, unlike Lagrange’s method
of variation of parameters, requires only one solution of the homogeneous equation.

Keywords: Integrating factor for first-order equations, Multipliers for linear operators, Inte-
grating factors for nonlinear higher-order equations, Existence of integrating factors.

1 Introduction

An arbitrary non-homogeneous linear first-order ordinary differential equation can be
solved by quadrature using either the method of variation of parameters suggested by
Jean Bernoulli in 1697 or the method of integrating factors suggested by A.C. Clairaut
for arbitrary first-order equations in 1739. In 1774, the method of variation of param-
eters was extended by Lagrange to higher-order linear equations. Lagrange’s method
is commonly used for solving by quadrature non-homogeneous linear equations of the
second and higher order. An alternative method, namely the method of multipliers for
linear differential operators of an arbitrary order, is less known in modern textbooks.
In this paper I treat the multipliers in the general framework of our recent work on inte-
grating factors for nonlinear higher-order equations (see [1, 2, 3]). For linear equations
the concepts of integrating factor and solutions of adjoint equations coincide. These
concepts are different for nonlinear equations. The classical and new approaches are
illustrated by various second-order equations.

(© 2008 N.H. Ibragimov
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1.1 Integrating factors for first-order equations

For the first-order equation written in the differential form
a(z,y)dy + b(z,y)dx =0 (1.1)
the integrating factor is a function p(x, y) such that

w(z,y) la(x, y)dy + bz, y)dz] = dé(z,y) (1.2)

with a certain function ¢(z,y). Existence of a function p(z,y) satisfying Eq. (1.2) is
equivalent to the following equation:

(1b)y — (pa)s = 0, (1.3)

where the subscripts y and = denote the partial derivatives with respect to y and x,
respectively. Writing the differential equation (1.1) in the form

a(z,y)y + b(z,y) =0 (1.4)

and dividing both sides of Eq. (1.2) by dx, we rewrite the definition of an integrating
factor y in the following form:

where instead of % the notation

0 0 0 0
D. - Y n Y (s+1) Y 1.
=5 +vy oy +vy oy + +vy EIe) + (1.6)

is used for the total differentiation with respect to z. This reformulation does not
change the determining equation (1.3) for the integrating factor (see Example 2.1).
Egs. (1.4), (1.5) yield the general solution to Eq. (1.4) in the implicit form

¢(z,y) =C, C = const., (1.7)

provided that the function ¢(x, y) has been found from Eq. (1.5).
An integrating factor p(z,y) exists for any first-order equation (1.4) since it is
determined by one equation (1.3) for one unknown function .

1.2 Multipliers for linear differential operators

Consider the general nth-order linear equation

Lyl = f(z), (1.8)
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where L,, is following nth-order linear differential operator:
L, = ao(x)D" + ay(x) D" ' + ...+ an_1(2) Dy + an(z), ao(z) #0,  (1.9)
where D, is the operator (1.6). Thus,
Luly] = ao(2)y™ + a1 (z)y" ™V + ...+ ap_1(2)y + an(x)y.

Definition 1.1. (Cf. [4], Chap. 5, §4: “Adjoint equation”). A function z = z(z) # 0
is called a multiplier for the differential operator L,, if the equation

L[y = Da(0) (1.10)
with ¢ = gb(x, vy, ,y("*l)) is satisfied identically in the variables x, v, v/, . .., y™.
Remark 1.1. Eq. (1.10) can be written in the form

2(x)L, = D, o ¢,
where o indicates the composition of the mappings D, and ¢.

Since the variational derivative of D,(¢) vanishes (see, e.g. Lemma 6.6.2 in [2]),
Eq. (1.10) yields:

6 (2Ln[y]) — 0, (1.11)
oy
where 5 5 5 5 p
= _——-D,—+D*— -D? 4. (1.12)

@ ay z ay/ T ay// z ay///
is the variational derivative. It follows from Eq. (1.11) that z = z(x) is a solution of

the adjoint equation (see [1])

L[] = (=D.)" (a0 2) + (=D)" " (a12) + ... — Dy(an-12) + a,z = 0. (1.13)

Thus, L, [y] becomes a total derivative after multiplying it by any solution z(z) of
the adjoint equation (1.13). Furthermore, Eq. (1.10) yields that

z()[Lnly] — f(2)] = Do (), (1.14)
where ¢ = ¢ (z,y,y/,...,y""V) is given by
v =¢— /f(x)z(x)dm (1.15)
The result is formulated as follows.
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Theorem 1.1. Any solution z(z) of the adjoint equation (1.13) is an integrating factor
for Eq. (1.8) and furnishes us with the following first integral for Eq. (1.8):

w(a:,y,y',...,y("_l)) =C. (1.16)
Example 1.1. Let us integrate the general non-homogeneous first-order equation
Y + P(x)y = Q(x). (1.17)
Here the operator (1.9) is Ly = D, + P(z) and its adjoint L] is defined by
Lilz] = =2 + P(2)=.
Hence the adjoint equation (1.13) yields
2 — P(x)z=0.

The solution of this is given by
5 = ef P(z)dx

and provides an integrating factor for Eq. (1.17). We use it to integrate Eq. (1.17). We
find ¢(x, y) from Eq. (1.10) which is written [since D, (¢(x,v)) = ¥'¢, + ¢zl

y/ef P(a:)dz + P(x)yefp(x)dx — y/(by + (bx (1.18)
Comparing the coefficients for 3’ we get

¢y _ ef P(z)dx

Y

whence
¢ = yel FE 4 g().

Substitution in (1.18) yields ¢'(x) = 0, i.e.
¢ =yel P@d 4 K K = const. (1.19)

When we substitute (1.19) in the first integral (1.16) we can ignore the constant K due
to the presence of an arbitrary constants C' in (1.16). Thus, Egs. (1.15)-(1.16) yield:

yefP(x)dm . /Q(m)efP(m)dxdx —C.
Solving for y we obtain the general solution to Eq. (1.17):

y = [C+ / Q(z)e! P(“)d””d:c} o=/ Pl (1.20)
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Example 1.2. Let us solve the following third-order equation:

y/// —y = f(g;) (1.21)
The adjoint equation z”” + z = 0 has the following linearly independent solutions:
3
n=e¢" zm=cY?cosh, z3=c"*sinfh, where 6= gx

For z = z; and ¢ = ¥(z,y,y',vy") Eq. (1.14) is written:
e (" —y— f(@) = y" by + Y by + YUy + s (1.22)
Comparing the coefficients for "’ we see that ¢,» = e~®. Hence
b=e"y" +o(z,y,y)

Substituting this in (1.22) and noting that the left-hand side of Eq. (1.22) does not
contain y”, we obtain o,y = e~ i.e. =y e * + [(z,y). Hence

v=e"(y +y)+B(z,y).

Substituting this in (1.22) and annulling the coefficient for 4’ we obtain

ﬁ = yeix + 7(*1'73/)7

and hence
b= +y +y)+(2).
The final substitution in Eq. (1.22) yields

V(x) = —e " f(2),
so that we have:
Y=Y +y +y)— /emf(:c)d:c. (1.23)
Therefore the first integral (1.16) can be written in the following form:

Y +y +y = (01 + /e”“"f(w)d%) e’. (1.24)

Repeating this procedure for the solutions z = 29 and z = z3 we obtain two more
first integrals, namely:

" 1 o , 1 :
Y 0089—1—2 (\/§s1n9 cos@) V-3 <\/§sm9+c089) Yy
= (Cg + /f(ac)e””/2 cos Qda:) e /2 (1.25)
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and
1 1
"o - . / - o
Yy siné 5 (ﬁcos@—ksm@) Y+ 5 <\/§COS€ smé’) Y
= <Cg + /f(az:)ex/2 sin@dm) e /2, (1.26)

Eliminating y” and ' from three equations, (1.24), (1.25) and (1.26) we will obtain
the solution y(x) of Eq. (1.21). To this end, we first multiply Eq. (1.25) by cos 6 and
add Eq. (1.26) multiplied by sin #, then multiply Eq. (1.25) by sin # and sybtract Eq.
(1.26) multiplied by cos 6. In this way, we replace Egs. (1.25), (1.26) by the equations

1
y' - §(y' +y) = (02 cos 0+C'3sin 0 + cos 6 / f(z)e™? cos Odx

+sind / f(x)e™?sin de) e /2, (1.27)

Yy —y= % (02 sin #—C3 cos 0 + sin @ / f(2)e*? cos fdx

—cosd / f(x)e*?sin de) e /2, (1.28)

Eliminating 3” and vy’ from Egs. (1.24), (1.27) and (1.28) we obtain the following
general solution to Eq. (1.21):

Y= {C’l + % /e_zf(x)dx} e’ + |:éQ cosf + Cysin §

1 1
— —cos@—i——sin@/ 2)e? cos 0)dx 1.29
(Geost+ sind) [ s ost (129
- (1 sinf — 1 cos 9) /f(a;)e:’:/2 sin Q)dx} e /2
3 V3 ’
where
V3.1 L1 1 | 1
9:71’, C’1:§Cl, 02:_§02+ﬁ03’ C3I—§C3—%CQ.

Note that in the particular case f(x) = z, Eq. (1.29) provides the solution
Yy = C~11636 + (62 cos 6 + C~'3 sin 9) e_x/2 —
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which can also be obtained simply by reducing the equation

"

y'—y==x

to the homogeneous equation
U”/ — = 0

by the substitution y = v — .

2 Integrating factors for nonlinear higher-order ODEs

Integrating factors for arbitrary higher-order ordinary differential equations are defined
in [1] as follows.

Definition 2.1. An integrating factor x for an nth-order ordinary differential equation

a(z,y, 9, ...y )y +b(z,y,y,....y"Y) =0 (2.1)
is a function t (z,y, v/, ...,y V) such that
pay™ + pb = Da(9), (2.2)

where D, is the operator of total differentiation (1.6) and
¢ =o(x,y.y,...,y"Y)
is a certain a function.

Provided that an integrating factor is known, Egs. (2.1) and (2.2) provide the fol-
lowing first integral for Eq. (2.1):

Qb(l', Y, y/, cee 7y(n_1)) = const.

A practical tool for finding integrating factors is given by the following theorem
(for more details, see [1]).

Theorem 2.1. A function
p=p(zyy, ...y Y)

is an integrating factor for Eq. (2.1) if and only if the equation (termed the determining
equation for integrating factors)

5 n
@(,uay( )+ ub) =0 (2.3)
is satisfied identically in all the variables' x,y,y',...,y*"~%, where § /8y is the vari-

ational derivative (1.12).

'If we release this condition, we obtain the definition of an adjoint equation for nonlinear equations.
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Example 2.1. In the case of first-order equations (1.4) the determining equation (2.3)
coincides with Eq. (1.3).

For the higher-order equations (2.1) the determining equation (2.3) provides an
overdetermined system for one function .

Example 2.2. Investigation of the determining equation (2.3) in the case of the second-
order equations

a(z,y,y)y" + bz, y,y) =0 (2.4)

shows that the integrating factors u(x, y, y’) are determined by the following system of
two equations (see [1] or [2], Section 6.6.2):

Y (pa)yy + (1a)sy + 2(pa)y — (ub)yy =0, (2.5)
Y (@) yy + 2 (1) ey + (1@)ee = Y (10) yy — (1b)ay + (ub)y = 0. (2.6)

It is not clear a priory if the system (2.5)-(2.6) is always solvable, in other words, if
an integrating factor exists for any second-order equation (2.4). For higher-order equa-
tions the situation is similar. Namely, the integrating factors for third-order equations
are determined by three equations for one function . = u(x,y,y’,y”). In general, the
determining equation Eq. (2.3) imposes the system of n equations on the integrating
factors y for the nth-order equation (2.1).

The existence of integrating factors for equations of any order n has been proved
recently in [3]. It is shown there that upon introducing the potential

¢ :1/1 (:E’y,y/"“’y(n—l))’

connected with an integrating factor

p=p(zyy,...,y" ")

by the equation
o (z,y,y, ...,y )
Oy(n=1) ’

the overdetermined system provided by the determining equation (2.3) reduces to one
equation for the potential. In consequence, the integrating factor exists for any higher-
order equation.

Another advantage of introducing the potential %) is that upon finding an integrating
factor there is no need to find the function ¢ by solving Eq. (2.2) in order to have a
first integral

ILL:

¢(x7 Y, y/7 s 7y(n_1)) = const.
Instead, a first integral is given by

w (.1', Y, y,v s 7y(n71)) = (' = const. 2.7
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The case of second order equations is discussed further in Section 4.
Definition 2.1 applies to systems of linear and nonlinear ordinary differential equa-
tions of an arbitrary order.

Example 2.3. Consider the following system of first-order nonlinear equations with
two dependent variables y and z :

Fy =2xys —z2y —yz =0, (2.8)
Fr=2w2r 1y +22+ 2 =0 (2.9)
xr

The integrating factors u!(z,y,2) and p?(x,vy, z) are determined by the following
equations (cf. Eq. (2.3))

J

O/ 1py 1y

_5y (M ) =0, 52 (M ) =0,

0 /9 0 /9

@(M Fy) =0, g(u Fy) =0. (2.10)

Letting, e.g. u' = p'(2) and p? = p?(x), we easily solve the determining equations

(2.10) and find

1_ .3 2 _
po=20 =

With these integrating factors, we have

p' By =D, <%> . WF, =D, (a:y + x222) .

Hence,
vy = C12%, xy+2?2? = Cs.

These equations can be readily solved for y, z. Indeed, using the first of the above
equations we rewrite the second equation in the form

(ZL’2 + 01)22 = CQ

and find z. Then we substitute it in the first equation and find y. Thus we obtain the
following general solution of the system under consideration:

N e Rene’
n .7}2+Cl’ y_$($2+01>
Remark 2.1. Integrating factors of the form

/J' = /"L(x7y7 A 7y(n71)>
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for differential equations
Flz,y,...,y™)=0

may not exist if the differential equation in questions is not solved for the highest
derivative y(™, i.e. not written in the form (2.1). For example, let us consider Clairaut’s
equation

oY) +xy =y

which is not of the form (1.4). In this case, the determining equation (2.3),

J
5y LPW) 29 —y)u] =0,
for the integrating factors . = u(x,y) yields

ue"y" + W+ y'e — o)y + (@ + 2)pe + 21 =0,

whence ¢” = 0. It means that Clairaut’s equation does not have the integrating factors
of the form p = p(z, y) unless the function (y’) is linear.

Remark 2.2. It is interesting to compare the theory of integrating factors for higher-
order nonlinear equations with Jacobi’s theory of multipliers for systems of nonlinear
first-order ordinary differential equations (see, e.g. [5], Section 32: “Multipliers”).

3 First-order linear equations

Let us begin with an illustration of the new method by first-order linear equations.
Consider the first-order equations

v + h(z,y) = 0. (3.1

The potential ¢ of the integrating factor u(x,y) for Eq. (3.1) is defined by p = 1,,.
According to [3], the determining equation (1.3) for the integrating factor is written as
the following equation for the potential:

Yy — h(z,y), = 0. (3.2)
If ¢)(z, y) solves Eq. (3.2), then the equation
U(r,y) =C (3.3)
with an arbitrary constant C' provides the general solution to Eq. (3.1).
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3.1 Potential of the integrating factor for linear equations

Let us apply the method of the potential of integrating factors to the non-homogeneous
linear equation (1.17). Thus, we will apply Egs. (3.2) and (3.3) to the equation

y' + P(x)y = Q(x).

In this case we have

and Eq. (3.2) is written
Yy, — hp, = 0. (3.5)
Eq. (3.5) shows that one can look for the potentials that are linear in y, i.e.
b = a(z)y + B(z). (3.6)

This is equivalent to the assumption that the integrating factor y(z,y) depends on x
only. Substituting (3.4) and (3.6) in Eq. (3.2) we obtain

a'(z)y + f'(z) — [P(z)y — Qx)]a(z) =0,
or
[0 (x) — a(x) P(z)]y + [#'(x) + Qz)a(z)] =0,
whence
a'(x) —alx)P(x) =0, p['(z)+Q(x)a(x) =0. (3.7)
Integrating the first equation (3.7) and substituting the result in the second equation
(3.7) we get

o= Kel P@de 31— _gQ(x)el P@de K — const.

Integrating the resulting differential equation for § we have:
az) = Kel P@d  g(g) = —K/Q(x)efp(m)dxdx + K.
Substituting them in Eq. (3.6) we finally obtain
U(z,y) = K[yef Pleydz _ /Q(x)ef P(I)dxda:} + K;.
Now Egq. (3.3) yields
yol Plads _ /Q(x)ef P@s gy ¢
1.e. the general solution (1.20):

y = [C+ / Q(z)e! P(“)d””d:c} o=/ Pl (1.20)
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4 Second-order linear equations

4.1 Determining equation for the potential
For the second-order equation
v+ h(z,y,y) =0 4.1)
the integrating factors
p=p(r,y,p), where p=y

are determined by the following two equations:

Phyp + Hap + 2ty — (th)py = 0, (4.2)

PPty + 2Pty + pw — P(R)yp — (h)ap + (1th), = 0.

They are obtained from Eqgs. (2.5)-(2.6) by setting a = 1,0 = h. Upon introducing
the potential ¢(x, y, p) defined by p = 1, the system of determining equations (4.2)
reduces to one equation, namely (see [3]):

If ¢ (z,y, p) solves Eq. (4.3), we have the following first integral for Eq. (4.1):
(. y,y) =C. (4.4)

Example 4.1. Consider the equation

1
y//+(2y+_>y/2__y/:0'
Yy xr

1 2
h = (2y+—) y? -2y
Y x

Looking for the integrating factors of the particular form ¢ = p(p) and solving the
determining equations (4.2) and ignoring the inessential constant factor, we obtain

It has the form (4.1) with

u(p) =p

The potential of this integrating factor is
U =Inp+g(x,y).
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The unknown function g(z, y) is determined by Eq. (4.3) which in our case is written:

1 2
9z + PGy — (2y+—)p+—:0.
Yy xXr

Solving it, we arrive at the following potential:

.2 yp
The first integral (4.4) is written:
yeV’y = Cx.

It can be written . .
D, (¢ )=D,(-Ca®).
(27) = (50°)
The integration yields the following general solution to our equation:

y = ++/In(azx® + 5), «a,f = const.

4.2 Non-homogeneous linear equations

Let us apply Egs. (4.3) and (4.4) to the non-homogeneous linear equation
vy +a(z)y +b(x)y = f(x). (4.5)
Here we have
h(z,y,p) = a(z)p + b(x)y — f(z). (4.6)

Reasoning as in the case of first-order linear equations, we look for the potentials
having the same structure as the function h, i.e.

U(x,y,p) = a@)p + B(2)y +v(2). (4.7)
Substituting (4.6) and (4.7) in Eq. (4.3) we obtain
[a'(z) — a(z)a(z) + B(z)]p + [8'(z) — b(x)a(z)]y + [v'(z) + f(z)a(z)] = 0.

Since the expressions in the square brackets depend only on the variable x, the above
equation yields the following system of first-order linear differential equations for the
unknown functions «, 3,7 :

do

pr a(r)a+ 3 =0,
dg B

dry B

ar + f(z)a=0
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4.3 Examples

In order to understand how to tackle the system (4.8), let us consider an example.
Example 4.2. Let us find an integrating factor for the following equation:
y' —w?y = f(r), w = const. (4.9)

The homogeneous equation
y' —wly =0 (4.10)

has the following fundamental set of solutions

Y1 =e “T g = ¥, 4.11)

and hence Eqgs. (4.8) are written:

d_a
dx

d d
+06=0, —5+w2a:0, 1+f(x)a=0. (4.12)
dx dx

The first two equations of the system (4.12) can be easily solved, e.g. by reducing them
via differentiation to the second-order homogeneous equation (4.10):

d2
d—;‘ —wla=0. (4.13)

Integrating Eq. (4.13) and using the first and third Eqgs. (4.14) we obtain:
a = C1e" + Che ™",

0=—-Ciwe”” +Cowe™*,

v=-C4 /f(:v)e“’xdx —Cy / fz)e™“%dx + Cs.
Hence, Eq. (4.7) yields:

’ll)(ﬁ, y7p) = [Clewx + C'Qe_“””}p + [CQQ_‘“C — Clewx] Wy
- / f(x)e**dr — Cy / f(x)e " dz + Cs. (4.14)
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Now Eq. (4.4) provides the following non-homogeneous first-order linear equation:

e+ o] 2 s [ — Crer] g

= / f(z)e“ dx 4+ Cq / f(z)e™“%dx + C. (4.15)

Any solution of Eq. (4.15) will solve Eq. (4.9). It suffices to find any particular
solution to Eq. (4.9) due to its linearity. For example, one can find a particular solution
to Eq. (4.15) by using only one of solutions (4.11) of the homogeneous equation.
Taking, e.g. the first solution from (4.11), i.e. setting C; = 1, (', = 0 and in addition
letting C' = 0 in (4.15) we rewrite Eq. (4.15) in the form

Y —wy =e " / f(x)e**dx. (4.16)

Solving this simple first-order linear equation, e.g. by using Eq. (1.20) with C' = 0,
we obtain the following particular solution:

Y = e“’x/e_%m(/f(:p) ewxdx) dz. 4.17)

Thus, using one particular solution y, (z) of the homogeneous equation we can reduce
the non-homogeneous equation (4.9) to the homogeneous equation (4.10) for y — y..
Hence

Yy — ys = C1e" 4+ Coe™™"

and therefore the general solution to Eq. (4.9) is given by
y = e“F / e 2w ( / f(z) e‘”dx) dr + C1e%" + Coe ™7, (4.18)

Note that application of the method of variation of parameters leads to the follow-
ing particular solution of (4.9):

Yo = %[em / Fla)e™=dy — ™" / (@) e‘“dx] (4.19)

It is obtained, unlike (4.17), by using both solutions (4.11) of the homogeneous equa-
tion. Let us compare the solutions (4.17) and (4.19) for some functions f(z).
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Example 4.3. Let us take f(z) = x and express the particular solutions (4.17) and
(4.19) in terms of elementary functions. The formula (4.19) yields:

1
Y = — [ew"’” / e “dr —e™ " / xew“d:c}
2w

_ ! [ - e‘”(l + w:z:)e’“”‘" + e"”(l — wx)e“””]

T 2wl
1 x
:ﬁ[—(l—kwx)—l—(l—wx)] =2

One can readily verify that the formula (4.17) yields the same result. Indeed:

Y = e”w/ez“’x(/:ﬂemdw) dzx

= é ew/ (wx — 1)6_“‘” dz
= ée“’x [( —wz —1)e ™" +e_“”} = —%-

Substituting the above ¥, in (4.18) we obtain the following general solution to Eq. (4.9)
with f(z) = x:
x
Yy = Y + C’lewx + Cge_“””.
w

Example 4.4. Consider one more example by letting

The formula (4.17) yields the same result. Indeed:

2
Y, = ewx/e—wa /e%wwdx dr = _eww/e—%wx dr — _i .
3w w?
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4.4 Integrating factor for a special non-homogeneous equation

Let us consider the equations (4.5) not containing the first derivative, i.e. having the
form

Yy +b(z)y = f(x). (4.20)

The corresponding homogeneous equations is
y" + b(x)y = 0. (4.21)

For the equation (4.20) the system (4.8) is written

do

% + 6 Oa

dp

dry

T + f(z)a=0

and can be easily solved. Indeed, differentiating the first equation of this system and
using the second equation, we obtain:

a” +b(x)a = 0. (4.22)

Thus, the coefficient «(z) of the potential (4.7) solves the homogeneous equation
(4.21). If we know any nontrivial solution y;(z) # 0 of the homogeneous equation
(4.21), we take

a(z) = yi(z), (4.23)

then obtain the coefficients 3(x) and (x) of the potential (4.7) by differentiation and
a quadrature, respectively. Namely:

8() = =a'(a), () =~ [ f@)ala)ds. 424
Hence, the potential (4.7) is given by
P(z,y,p) = a(z)p —a'(x)y — /f(x)oz(x)dm, (4.25)

where «(x) is any solution of Eq. (4.22).
Egs. (4.4) and (4.25) yield:

M@y—w@w—/#@mme:a
137
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Taking here C' = 0 for the sake of simplicity and dividing by «(x) we obtain:

,_ a'(x) 1
= d .
VY=o T e /f(x)&(fc) x
It is a non-homogeneous linear first-order equation (1.17) with the coefficients
a'(x) dlna(x) 1 /
(1) = -2 T Q)= [ f@at

Substituting these expressions for P(z) and Q(x) in Eq. (1.20) were we can let C' = 0,
and noting that

ef P(z)dr __ 1

e—fP(a:)d:c _ ef dlna(z)
a(r)

= a(z),

)

we obtain the following particular solution for the non-homogeneous equation (4.20):

u(2) = a(z) / {a%(x) / o(z) f(a:)d:c} da. (4.26)

Here a(x) # 0 is any particular solution of the homogeneous equation (4.21).

Remark 4.1. Our method of computation of the particular solution y.(z) requires
knowledge of only one particular solution a(x) = y;(z) of the homogeneous equa-
tion (4.21), whereas Lagrange’s method of variation of parameters needs two linearly
independent solutions of Eq. (4.21).

4.5 Integrating factor for the general non-homogeneous equation

We can extend the method of Section 4.4 to all linear second-order equations (4.5) due
to the following well-known result (the proof can be found, e.g. in [2], Section 3.3.2).

Lemma 4.1. The general linear equation (4.5) is mapped by the transformation

j=yez oD (4.27)
to an equation of the form (4.20), namely:
§"+b(x)g = f(2), (4.28)
where i . ) i 1
b(z) = b(z) = a*(2) = 5 d'(x),  flo) = flx)er) O (4.29)

The following example clarifies how to use Lemma 4.1 together with the method
from Section 4.4.
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Example 4.5. Let us find a particular solution to the non-homogeneous equation

y' —xy' +y = f(z) (4.30)
using the obvious particular solution

(4.31)

I
8

n

of the homogeneous equation
y' —zy +y=0. (4.32)

Substituting the coefficients a(x) = —x, b(z) = 1 in Egs. (4.27) and (4.29) we
have )
y=ye 4° (4.33)

and

respectively.
Hence Eq. (4.30) has been transformed, in accordance with (4.28), to the following
special form (4.20):

2 4

The transformation (4.33) maps the particular solution (4.31) of Eq. (4.32) to the
particular solution

2
"+ (§ — I—)Q = fz)e 3. (4.34)

j=wze 1" (4.35)
of the homogeneous equation
g" + (; - “’;)g = 0. (4.36)
Applying Egs. (4.23), (4.24) to the solution (4.35) we obtain:
a(z) = ze i, B(z) = —d/(z) = (%2 — 1) e (4.37)

and

V(@) = - / f(@)a(w)ds = — / f@) et pe i dp
-~ fatttan .
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Substituting these expressions in the potential (4.7):
(@, 5,p) = &(x)p + B(x)f + ()
and using Eq. (4.4) we obtain the following first integral for Eq. (4.34):

2
re 1§ 4 (% a 1)67302 b= /Q?f(q;)e2x2dx =C

Taking C' = 0 we write it in the form

dj 1 ay. 1 1. i
pri <E—§>y—|—§e /:Ef(m)e dzx.

Integrating this first-order linear equation and ignoring the constant integration we
obtain the particular solution to Eq. (4.34):

1 ]. 1 1
s er4x2/—2e212(/xf(x)e2x2dx)dx.
T

Substituting it in (4.33) we arrive at the following particular solution of Eq. (4.30):

Y = 93/%6%9”2 (/a:f(x)e_%sz:B> dx. (4.39)

Finally, recall that a knowledge of a particular solution of a homogeneous linear
second-order equation allows one to find a second solution linearly independent of the
first solution (see, e.g. [2], Section 6.5.5). Applying this method to the solution (4.31)
we obtain the following second solution of Eq. (4.32):

1
Yo = x/ — ez dy. (4.40)
x

Thus, the general solution of Eq. (4.30) has the form

y=ux {/ iz ez’ (/:Uf(x)eéIQdm) dx + Cy + Cy / iz eé’“gdas] : (4.41)
T x

4.6 Alternative method for the general non-homogeneous equation

Let us extend the transformation (4.27) to the derivative p = y’ and write it in the form

y=getlot po (5 Zp)e il (4.42)
Substituting (4.42) in (4.7) yields:
la,yp) = ape 0 4 (g Za)gentl oty (443)
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The potential of the integrating factor for Eq. (4.28) is written

W(w,§.0) = ap+ 05 +7. (4.44)
Its coefficients are defined by the following equations (see Section 4.4):
z—i +5=0,
Z_f —b(x)a =0, (445)
Z—Z + f(x)a =0.

Comparing (4.43) and (4.43) we conclude that
= Ole_%fa(x)dx, B = (ﬁ — ga) e_%fa(x)dx’ ,3/ =",

whence, integrating the third equation of the system (4.45) and invoking the second
equation (4.29) we obtain:

B=(B+5a)eb o (4.46)

v=— /&f(x)e%f“(’”)dx dx.

One can verify that the functions a(x), 3(x), v(z) given by (4.46) furnish the solution
to Egs. (4.8) provided that &, [3), 7 solve Egs. (4.45). Hence, the equation

a(z)y' + Bx)y +(x) =C (4.47)
with the coefficients given by Eqs. (4.46) provides a first integral for Eq. (4.5).
Example 4.6. Consider again Equation (4.30),
y' —ay +y = fa)

Substituting in (4.46) the expressions for «, B and 7 given by (4.37) and (4.38), re-
spectively, we have

2 1.2

a:xe’%m, f=—e2"", ’y:—/a;e5$2f(x)da:.

Inserting them in the first integral (4.47) and letting C' = 0, we obtain the following
simple non-homogeneous first-order linear equation:

d 1 1
YV Zee /a:e_2x2f(93)d93.

dv  z» =
Its integration provides the particular solution (4.39).
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SELF-ADJOINTNESS AND QUASI-SELF-ADJOINTNESS

OF AN EQUATION MODELLING MELT MIGRATION

THROUGH THE EARTH’S MANTLE. NONLOCAL
CONSERVATION LAWS

RAISA KHAMITOVA
Department of Mathematics and Science,
Blekinge Institute of Technology,
SE-371 79 Karlskrona, Sweden

Abstract. The recent theorem on nonlocal conservation laws [1] is applied to a magma equa-
tion modelling a melt migration through the Earth’s mantle. It is shown that the equation in
question is quasi-self-adjoint in the terminology of [2]. The self-adjoint equations are singled
out. Nonlocal and local conservation densities are obtained using the symmetries of the magma
equation.

Keywords: Magma equation, Self-adjointness, Quasi-self-adjointness, Conservation laws.

1 Introduction

sl S o

models the migration of melt through the Earth’s mantle. It follows from the equations
suggested by Scott and Stevenson [3] for 2 < n < 5and 0 < m < 1. However other
authors discussed Eq. (1.1) for any values of n and m.

Using differential variables we can rewrite the equation as follows:

The equation

F=u+ Dfu 1= D. ()|} =0 (1.2)
where
D 0 + 0 + 0 + 9 +
0z ou T Ou o O,
is the operator of total differentiation with respect to z. Since
D, (u’mut) = —mu"" Y u + vy,

(© 2008 R.S. Khamitova
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we obtain that

Dz{u" [1 - D, (u’mut)] } = Dz{u" + mu " Y, — u”’mutz}

= nu" tu, +m(n —m — Du""2uu + mu™ ™

—m—1 —m—1 _
+mu"" U, — (n—m)u T T g, — u T M Uy

Thus Eq. (1.2) transforms to

F =u; — u" U, + (2m — n)u™ ™ tujug, + mu " g,
(1.3)
+m(n —m — Du"""™ 2w’ + nu tu, = 0.
The adjoint equation F* = 0 is defined according to [1]:
)
Fr=—(wF)=0
55 (V)
where v = v(t, z) is a new dependent variable and
4] 0 0 0 0
—=——-D,—+ D;Dj— — D;D;D
ou  Ou ou; * oy kauz]k "
is the variational derivative. We have
OF OF OF oF OF OF
a0~ Do) ~ D] + o g |+ P2 g | - ot ] =0
v ou 17 ou, ou, + 5 Oy, + ou,, e U@um

Separate calculation of each term gives the following results:

OF
vGs = [(m —n)u™ " . + (2m —n)(n —m — D)™ 2w u,
u
+m(n —m— Du""" 2w, +mn —m —1)(n —m — 2)u"" Py’
+n(n — u"'u,],
OF
-D, (va—) = —v[1+mu"" ., + m(n —m — D"l
Uy

—v [m(n —m — Du""" 2w, +mu™ " g, Fmin —mo— 1)

X (n—m —2)u" " Pl + 2mn —m — D" PuLu
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oF
-D, <va—> = —v, [(Qm —n)u" " g, + 2m(n — m — Du" " Puu, + nu”’l]
Uz

—v[(dm —n)(n —m — Du" " Puup + (2m — n)u" " g,

+2m(n —m — 1) (n —m — 2)u™""Buw? + 2m(n —m — Du""" 2w,

+n(n — Lu"u.],

D,D. (v 88 a

) = DtDz{v[(Qm — n)u”’m’luz] }

Uty

= (2m — n)Dy{v """ u, +o[(n—m — D"l + 0 ] )

= (2m — n){vtzu"_m_luz + [(n —m — Du™ ™22 + u"_m_luzz}

+ v [(n—m—Du" " P, + 0" ] +o(n —m — 1)

n—m—3 n—m-—2

x [(n—m—2)u uu? + 2u oty + U w4 vu T s
OF

Ou,,

D? <v ) = D?(mou™ " )

= muu"™ ™, + 2mo, [(n —m — D)u""" 2w, + u”’mflutz}

+mu(n —m —1) [(n —m — 2u"" By +ut " 2u"_m_2uzutz}

m

—m—1
+ mou” Upzz

—D,D? <v ;F ) = D,D? (vu”*m) = Dt{vzzu”’m + 20, (n — m)u™"™ tu,

+o(n—m)[(n—m— """ 2ul +u" " ] }

= Voot A Uaz (0 — M)y A 20, (0 — m)u T

+2v,(n —m) [(n —m — Du""" 2, + u”’m’lutz}

+v(n—m)[(n —m—Du"""ul + 0"y, |

+o(n—m)(n—m—1)[(n —m—2)u" " Puul + 20" Puu,.

+ u”’m’Qutuzz] +o(n —m)u™"
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Summing up the above results we obtain:

F* = — vy 4 0™ 4+ nupu” ™, + noau™ "
+ nv, 20" g + (n—m — Dut " P, — u ] = 0. (14)
2 Self-adjointness and quasi-self-adjointness
In order to check whether Eq. (1.3) is self-adjoint, we let v = u, then
F* = —wy 4+ 0™ ™y, + 3nu™ " Luyug + nu™ ™ g,
+n(n —m— Du™" 2uu? — nu™ tu, .
Comparison with
—F = —up + u" MU — (2m — n)u" " g, — ma™ " s,
—m(n —m— Du""" 2w’ — nu™tu, =0
gives that ['* = —F'=01if m = —n.
Thus, Egq. (1.3) is self-adjoint if m = —n, i.e. when
F =u; — u®™uy,, — 3nu®  Yuup, — nu®™ g,
—n(2n — Du* 2w’ 4+ nu™ tu, . (2.1)

According to [2] Eq. (1.3) is quasi-self-adjoint, if the substitution v = h(u) gives
F* = Xu)F. Since

/ / " / "2 /
Uy = h U, VU = h Uzy Vi = h Uy + hutza Vez = h uy + huzza

" 2 1" 1" !
Vizz = h Uy, + 2h U Uty + h Uy, + h Utzz,

F* obtains the following form:
F* = — hlu, + (h/,,utui + 20" wup, + W wpu,, + h’utzz)u”_m
+ n(h”utuz + hug )", + n(hﬁuz + hug ) u ™
+ nh'u, [QU"_W_lutz + (n—m — Du""" 2uu, — un_l},
whence

F* = —nh'(us — ugu™™™) + (2uh// + 3nh " M uy, — W nuu, (2.2)

2
2

+ (uh” 4+ nh " g, + [WPh" 4 2nuh” + n(n —m — )R 2w
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Comparing with Eq. (1.3),

n—m—1 m

F =u — u" g, + (2m — n)u sty + mu™ " g,

1

"_m_zutui + nu"" u,,

+m(n—m—1u
we obtain A(u) = —h’ and
2uh” +3nh' = —(2m —n)h!, uh” +nh' = —mh/,

w?h” + 2nub” +n(n —m — 1A = —m(n —m — 1)K,

Two first equations yield the same result:
uh” + (n+m)h" = 0.

Rewriting the equation in the form

' n+m

o u
and integrating once we obtain

Ch

/ p— pa—
h' = gy C} = const.,
whence forn +m # 1
i

h=—

(n+m — Lyuntm—1 + Cy, Cy = const.

and forn+m =1
h = Cyln|u| + Cs.

The third equation is also satisfied; for n +m # 1
w?h” +2nub” +(n4+m)(n—m—1)h = Cy(n+m)u” "™ [n+m-+1-2n+n—m—1] = 0
and forn+m =1
u?h” 4+ 2nuh” + (n—m — 1) =Clu 2 —2n+n—m—1]=0.
Thus the equation F' = 0 is quasi-self-adjoint for arbitrary m and n.
We can choose h(u) = v ™™ and h(u) = In|u| forn +m # landn +m = 1

correspondingly.
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3 Conservation laws: General form
According to [4] and [1] it is possible to introduce a formal Lagrangian £ = v F. Since

the mixed derivatives wu, and u,, are present in F', we have to choose Lagrangian in
the symmetrized form:

1 1
L =v{u, — gun’m(utzz + Uspy + Uzay) + 5(2m —n)u"" (g )

(3.1
+mu™ " g, +m(n —m — Du™ " 2uu? + nu”’luz}.
A conservation law corresponding to an operator
0 0 0
X = fl(tv Z, U)a + €2<t7 <, U)% + n(ta Z, u)%
has the form
Dy(C") + D,(C*) =0
where
P oL oL oL
C —§£+W[a—m—Dj<aTij)+DjDk<6uijk>] "
oL oL oL '
D; - D D;D
+D;(W) | S i auijk)] + D Du(W) 5 =
W =mn— &

Since the Lagrangian £ is equal to zero on solutions of the equation /' = () we can
calculate C" without the term &' L. Furthermore, we can rewrite the density

crW[3E - 0.(32) (L)

ouy Ouy, “\Ouy.,
+ D.(W) {aaziz - D. (%)} + Dg(W)aiiz
using the following:
—sz(a%z) — D, (W;f) +D.(W) ;i ,
WD?(@?:ZZ) =D (Wa(zi) B 2D2<W>DZ(ai—iz> - Dg(W)aiiz '
Hence we obtain
ol = Wg—i + D.(W) [zgﬁ - 3Dz<ai—iz)] (3.3)
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The remaining term

(9/5)

3utz

8£>

8utzz

~D.(w +DA(W

z

will be included in C?, where it will have the form

S S
4 DD 4 DAWID: (o) + Do) D () + WDLD. ()
We have from the formula (3.2)
=W [ = Pu) = Pe(u) + 20 (o) + PP )
4 DUIW) 2=+ D)= = DD, () = DAW)D (5 )
+ DtDZ(W)% + D.Dy(W) aiit :

Using the fact that the Lagrangian is symmetrical with respect to the mixed derivatives
we can simplify the formula for C?:

o2 = w[a£ _ Dt(a—ﬁ) - . oL )+ 2DtDz(a—£)] D) 25

auz autz auzz aui&zz autz
oL oL oL oL
D - D D,\— | —D D 2D, D .
* Z(W) auzz t<W) Z(autzz> Z(W) t<autzz> * ' Z(W) Utzz
Adding the expression (3.4) we obtain:
oL oL oL oL
2 _ _ _ —_
=W [8uz 2Dt<8utz> DZ(@uZ) +3D:D- <6utzz>}
oL oL )
D DD .

+ Z(W) auzz + 3 ! Z(W> autzz

Invoking (3.1) we get from (3.3) and (3.5) the final expressions for nonlocal conserva-
tion laws:

C! = U{W [1+mu™" s +m(n—m—1)u""*u?] +(2m—n)u”_m_1uzDz(W)}

+D.(W)D,(vu™™) (3.6)
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and

C? =W{v[(2m — n)u" " w4+ 2m(n — m — D)u"" w4+ nu” Y
— (2m —n) Dy (vu”_m_luz) —mD, (vu”_m_lut) — DD, (vu”_m)} (3.7

+mou™"™ D, (W) — vu™ "D, D, (W).

4 Computation of conservation laws

4.1 Translation of time

It is obvious that Eq. (1.3) with arbitrary m and n is invariant under the translation of

time ¢. The operator for the time translation, X; = 2, has ¢! =1, £ =0, 5 = 0,

therefore 1 = —u,. Hence the density C'* has the following form:

C' = — v{w 1+ mu" " tu., + m(n —m — )u" " 2]

+ (2m — n)u"’mfluzutz} — up, D, (vu™™™).

It follows from Eq. (1.3), F' =0, that

m n—m—2 2]

[us + (2m — n)u™ ™ tuug, + mu " g, + mi(n —m — 1u upu

= U My, — nu" 4.1
which gives
C' = vnu™ tu, — u" MUy — u DL (vu"™) = Do [—ou™ My, + u”] — uv,.

Hence
Cl = —uv,.

We see that the nonlocal conservation law provided by the operator X is nontrivial,
but the corresponding local conservation law is trivial.

4.2 Translation of the space coordinate 2
4.2.1 Nonlocal conservation law

Eq. (1.3) with arbitrary m and n is also invariant under the translation of the coordinate
z with the operator X, = 2. In this case {! =0, £? = 1, = 0, therefore W = —u,.
From (3.6) the corresponding density C'! has the form:

Cl' = — v{uz [1 +mu " ,, + m(n —m — l)u”_m_zuZ]

+ (2m — n)u”_m_luzu%} — Uy, D, (vu"™™)
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or
Ccl = —v{uz +m(n —m— 1)u"""?u’ + Zmu”’m’luzuu} — v M,

= [u+mu"""E — u" Mo, 4 D[ = v(u + ma T )]

Hence we can choose

C' = [u+mu""" 2 — u" "), 4.2)

as the density of a nonlocal conservation law corresponding to the translation of z.
Adding to C? in (3.7) the corresponding to D.[ — v(u + mu""™"u?)] term
D[ — v(u + mu"~™"1u?)] we obtain:

C? = —w.{v[(2m — n)u" " w4+ 2m(n — m — D)u"" w4+ nu”

— (2m —n)D, (Uu"_m_luz) —mD, (vu”_m_lut) — DD, (vu”_m)}

— mou™ " g, + vu™ ™y, + Dt[ —v(u+ mu”’m’luZ)] .

Separate calculation of each term gives the following:

n—m—1 )unfme

— uz{v [(2m —n)u U, +2m(n —m —1 U, + nu”’l}

n—m—1

Mt 4+ U ™ Uy, = — [(Qm —n)u UyUsp,

— mou”™”

m

+2m(n —m — 1)u”_m_2utu§ + nu™ tu, + mu™ " g, — u”_mutzz}

)un—m—QutUQ] 7

= —vF +vfu—mn—m-—1 2

(2m — n)u. Dy (vu" ") = (2m — n)v™ "l

+ (2m —n)v[(n —m — Du" " Pul + u " wsug ]

n—m—2 2

m_lut) = mu,u™ " Yuu, + mo [(n —m—1)u ugu

mu,D, (vu”_

+ unimiluzutz] )

uthDz (Uun*m) = Uth (Uzunfm + (n _ m)’ljunfmfluz)
—1,.2

= vt M, + (0 — m)vu™ " g, + (0 — m)ou™ ™

+ (n—m)v[(n—m— D" " 2wl + u""  usu],
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Dy[ —v(u+mu""" )] = —v(u+ mu"" )

— [ut +m(n —m — u"" 2y’ + 2mu”’m’1uzutz] .

Hence

Ly, —vF.

C? = v u™ ™, — vyu 4 nuu™
Excluding the trivial part vF’ we have finally:

m

C? = v, u™ ™, — viu + nvy~ L. 4.3)

Thus Egs. (4.2) and (4.3) define a nonlocal conservation law corresponding to the
translation of the coordinate z. Indeed, calculations give that

D,C'+ D,C?* = v,F 4+ u,F*

which equals to zero on solutions of Egs. (1.3) and (1.4).

4.2.2 Local conservation laws

Eq. (1.3) is self-adjoint when n = —m. Substitution of v = w in (4.2) yields

1
C' = [u+mu 2 "2 —u ™ u,Ju, = D, §(u2 - U_Qmug)].

In the case of quasi-self-adjointness of the equation /' = 0, when n + m # 1 and
v = u!~""™ the density has the following form:

C' = [u+mu" " u? — " "u) (1 —n—m)u" "u,

= (n+m—1)[—u"""""u, —mu 2 4w
u2—n—m u—Zm 2

:DZ{(n—i—m—l)[ uz}}, it n4+m#2

n+m—2+ 2

or
—2m,,2

Gsz—mu+ 2%) if n4m=2

In the second case of quasi-self-adjointness, when n +m = 1 and v = In u, we obtain

2

2 —2m 2)

C' = [u+mu?u? — v " u, Ju " v, = D, (u —u”?Mu?).

Thus for arbitrary m and n only trivial local conservation laws correspond to the oper-
ator Xo.
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4.3 Dilations
4.3.1 Nonlocal conservation law
When the parameter n # 0, Eq.(1.3) admits the following operator of dilation [5]:

9, 9, 9,
Xg—(2—n—m)t§—l—(n—m)z£+2u%-

For this operator

g =02-n—-mit, &€=(Mn-m)z and n=_2u,

therefore
W =2u—(2—n—m)tuy — (n —m)zu,.
From (3.6),
Ct = U{W[l + mu" s, 4+ m(n —m — Du "l
+(2m— n)u”_m_luzDz(W)} + D (W)D,(vu™™),
we have:

C' =v{[2u— (2 — n— m)tu, — (n — m)zu.]
X [14+mu" "™ u,, + mn —m — Du" " *u?]
+ (2m — n)u" " D, [2u — (2 — n — m)tu, — (n — m)zus] }
+ [0 + (n — m)vu" " )| D20 — (2 — n— m)tu, — (n — m)zu.).

Let’s start with the terms containing tu:

C :v{ — (2 =n—m)tu [+ mu"""  u., + m(n —m — Lu" " 2]

+ (2m —n)u™ ", D[~ (2 —n — m)t“t]}

+ [ou"™ + (n — m)vu"" | D [—(2 — n — m)tu,]

2

= — (2 —n— m)t{v [Ut —+ mun—m—lutuzz + m(n —m— 1)un—m—2utuz

+ (2m — n)u”_m_luzum} + (n — m)vu™"™ tuuy, + vzun_mutz}.
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Invoking (4.1) we obtain:

Cl=02-n— m)t{v [nu”’luz —u" MUy, — (n— m)u”’mfluzutz] — vzu”’mutz}

=—2-n-—m)tu"v, + D.{(2—n—m)tv(u" — u" ") }.
For the terms containing 2u — (n — m)zu, we have:

Cs :v{ [2u — (n — m)zu.] [1 +mu""" ., + m(n —m — D)™ 2u?]

+ mu™" D, [2u — (n — m)zu,] } + v u""D, [2u — (n — m)zu, |

:v{Q [u+ mu""u., +m(n —m — Du"" ]
— (n—m)z[u; + mu" " uu,, + min —m — D"l
+m(2 —n+m)u”" 2 —m(n — m)zu”_m_luzum}

+ou" "2 = n+mu. — (n—m)zu..]

:0{2 [+ mu™""u. + m(n — m)u™"
— (n—m)z[u, + 2mu""" uu., +m(n —m — D"l

—m(n — m)u”_m_luﬁ} +ou" "2 = n+mu. — (n—m)zu..]

=2vu + 2mo [u" M., + (n — m)u" """ uZ] — (n — m)zvu,

—m(n —m)v{z 20" uu., + (n—m — Du el +u Tl
+ 0. [(2—=n+m)u" "u, — (n—m)zu" "]
=2vu + D, (2mvu"‘muz) —2muu" ", — D, [(n — m)zvu} + (n —m)vu
m—1, 2

+ (n—m)zv.u — D, [m(n — m)zou™" " uZ] + m(n — m)zou" "l

+ 0. [(2—n+m)u""u, — (n—m)zu" "]
whence

€1 =0, (0 — m)a(u+ mum e — ) + (2 - n - mun )

(2+n —m)vu+ Do{v[2mu""u. — (n—m)z(u+ mu" ") ] }.
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Combining all terms in C{ and C? we obtain the density of a nonlocal conservation
law:

Ct =v.[(n—m)z(u+mu" " — ") + (2 — n— m) (WM, — tu)]

+(2 4+ n —m)vu. 4.4)

The term corresponding to

D {v[2mu™"u, — (n — m)z(u +mu™"" ") + (2 —n — m)t(u" — u" )]}

we add to C?.

4.3.2 Local conservation laws
Case 1. Eq. (1.3) is self-adjoint: n = —m.

Substitution of v = w in (4.4) yields:

C' =w. [ = 2mz(u+ mu™" "l — M) + 20 e, — ™)) + (2 = 2m)u?

= mz(—2uu, — 2mu” ™" 4+ 20T M) + 2uT M — 2t M, + (2 — 2m)u?

= —D.[mz(—u* +u?"u2)] + mu® — muT "l + 20Tl — 2t M, + (2 — 2m)u’,

Since

D (25w i 1
—2tu ", = 1 irom#
D.(—2tlnu) if m=1

the density has the form:
C' = (2 —m)u?u? + (2 —m)u? = (2 — m)(u?™u? + u?).
Therefore if m # 2, m # landn+m =0

O = u™2™u? + 2. 4.5)

z

The case m = 2 and n + m = 0 gives a trivial conservation law. The density (4.5)
corresponds up to a constant factor 1/2 to the density of the conservation law discussed
in [5], Case (B.1) (see Table 2).

For m = 1, n = —1 the density

C' = u?u? 4 u? (4.6)
corresponds up to a constant factor 1/2 to Case (B.2) in the same table.
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Case 2. Eq. (1.3) is quasi-self-adjoint.
ayn+m#landv =ul"" ™,
According to (4.4) the density has the following form:

C'=(1-n—m)u""u.[(n —m)z(u+mu""" " — u"Mu,,)

+@2-n-—m)u" ", —t")] +2+n—muF""
=2+n—mu> """+ (n—m)(1 —n—m)zu'""" "y,
+(m—m)(1 —n—m)z(mu """ —u " u,u,,)

+(1—=n—m)2—-n—mu"u?—(1-n—-m)(2—n—m)tu "u,.

After transforming the terms:

DZ(Q_n_m zu2‘”_m> — U if nm A2
Zul—n—muz — .
D.(zlnu) —Inu if n+m=2;
n—m)(1—=n—m)zimu 2" —u " ™u,u,,
( ) :
1 —2m 2 1 —2m, 2
=-D, E(n—m)(l—n—m)zu uz] +§(n—m)(1—n—m)u u;

1-m

D, [“—"—m)(?‘"—m) =] ifm £ 1
—(1=n—m)(2—n—m)tu "u, =

D,[n(n—1)tnu itm=1,n#0

and choosing n + m # 2 we have:

(n—m)(1=—n—m) ,

ct =(2+n—m)u2_”_m — S —— —n—m
+ %(n —m)(1 —n—mu?™u + (1 —n—m)2—n—m)u 2"u?
or C' = (4—n —3m) [1(1 —n—m)u P+ 1 u2_"_m},
2 F2—-n—m

Thus if n +3m # 4,n+m # 1, n +m # 2 and m # 1 we obtain the density of a
nontrivial conservation law (see [5], Case (B.1) in Table 2):

1 1
Cl —2(1—-—n— —2m, 2 2—n—m‘ 4.7
2( n—m)u uz—|—2_n_mu 4.7)
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Whenn +m =2and m # 1

1 2

(2+n—mu>"" 4 5(4 —n—3m)(1 —n—m)u?"u? =2n — (1 — m)u?"u?

z z

therefore (ignoring the constant 2n) we have:
C' = —(1 —m)u?™u? +2(1 — m) Inw.

Since m # 1 we can choose
1 1 —2m, 2
C :—iu us +Inu (4.8)

as the density of the conservation law in this case (it corresponds to Case (B.6) in Table
2).

Forn+m = 2and m = 1, we have n = 1 and C'' = 2, the conservation law is
trivial.

b)yn+m=1andv = Inu.

For the second case of quasi-self-adjointness of Eq. (1.3) we have from (4.4) the
following density:

Ch =u"tu, [(1 = 2m)z(u + mu™>"ul — u' M) + ut T, — '

+ (3 —2m)ulnu
=(1—2m)zu, + (1 — 2m)z(mu?"" " — u " uu..) +u 2"u? — tu”"u,

z z

+ (3—2m)ulnu

=3 —-2m)ulnu+ D,[(1 —2m)zu] — (1 — 2m)u — D, [%(1 — 2m)zu 2]

(1 —2m)u™"u? + u "2 — tu”"u,

N —

+

where

DZ(% tul_m) ifm#1
—tu "u, =
—D,(tlnu) itm=1, n=0.

Thus for n +m = 1 and m # 1 the density has the form:
1
Cl = §(3 —2m)u"?u? 4+ (3 — 2m)ulnu — (1 — 2m)u. (4.9)
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Since a linear combination of two conservation laws is again a conservation law we
can come to the result presented in Case (B.5) by combining the latter density with the
density C! = u (see Case A in Table 2):

ct—2C" = %(3 —2m)u" " u? + (3 — 2m)ulnu — (3 — 2m)u

Hence for m # %

1
Cct = §u_2mu§+ulnu—u

coincides with the density in Case (B.5).
Other conservation laws can be calculated in a similar way.

5 Conclusion

The local conservation laws presented in [5], Table 2, were obtained by Barcilon and
Ritcher [6] and Harris [7] using the direct method of calculating coordinates of con-
served vectors. The conservation densities presented in my article are obtained by
applying the recent theorem on nonlocal conservation laws [1] to the infinitesimal
symmetries of the magma equation (1.3). The obtained conserved vectors have the
coordinates of the form

C'=C*u,u,) and C? = A(u,u,)u; + Bu,u,)up, + S(u, ),

which are presented in [5], Case B.
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