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Abstract

Recent analyses of real data/internet tra�c indicate

that data tra�c exhibits long-range dependence as

well as self-similar or multi-fractal properties. By us-

ing mathematical models of Internet tra�c that share

these properties we can perform analytical studies of

network tra�c. This gives us an opportunity to anal-

yse potential bottlenecks and estimate delays in the

networks.

Processes with multi-fractal properties can be mod-

eled by multiplying the output of Markov Modulated

Rate Processes (MMRP) [1] each de�ned by four pa-

rameters. The MMRP are easily used in stochastic

�uid �ow modeling. This model is also suited for

analysis of other tra�c types e.g. VoIP and thus,

it allows for integration of di�erent tra�c types, i.e.

time-sensitive voice tra�c with best-e�ort data traf-

�c. Using this model we can calculate performance

parameters for each individual stream that enters the

system/model.

In this paper we show how to construct a multi-

fractal process that is matched to measured data from

MMRP sub processes.

Keywords: Multi-fractal tra�c, �uid �ow model,

numerical analysis, performance evaluation

1 Introduction

The reason for this research is that we want to develop

a mathematical model for Internet tra�c, that can

be used in a �uid �ow analysis. In earlier papers [1]

and [2] we demonstrated that the �uid �ow model

is a usable tool for analytical performance studies.

We have used data processes that had multi-fractal

properties (MFP), and we also expressed desires to

do similar studies based on processes that have been

modeled based on measured network tra�c. In this

paper we show how a certain class of multi-fractal

processes can be modeled such that they match up

well against real network tra�c. The tool we now

have permits us to do better capacity management

instead of today's rule-of-thumb.

Since we are to match a mathematical model against

measured data, we will start by describing the mathe-

matical model and its basic properties. Following that

we will verify this model against simulations that have

been performed. The actual matching of the param-

eters based on real measured tra�c will then be de-

scribed, and �nally some conclusions will be drawn.

2 Processes description

The mathematical model that is used to generate a

process with multi-fractal properties is formed by mul-

tiplying the output of independent 2-state Markov

modulated rate processes (called sub-processes). The

process will be formed as

R(t) =

n�1Y
i=0

Ri(t) (1)

Here Ri(t) is the output rate from sub-process i at

time t (data-unit/time-unit). The 2-state Markov-

modulated rate process is depicted in Figure 1. This

is a well known and often used model. The model was

originally suggested in [4]

2.1 Description of a Sub-Process

Each sub process is a simple low-high process, as de-

scribed in Figure 1. The sub processes transition ma-

trix and rate matrix are formed as

Mi =

�
��i �i
�i ��i

�
Ri =

�
li 0
0 hi

�
(2)

The �rst two moments of the MFP rate process is

going to be used for the matching of processes to MFP.

Thus it is interesting to have analytical expressions for

the two �rst moments.

E[Ri(t)] =
li�i + hi�i

�i + �i
(3)
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Figure 1: 2-state Markov Modulated Rate Process,

the i:th a sub-process
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A more detailed derivation can be found in [3]. It

is obvious that the equation for the �rst moment is

not a�ected by any changes in t. The second-moment

however

lim
t!0

E
�
R2
i
(t)
�
= �i�i(li�hi)

2

(�i+�i)2
+E

�
R1
i
(t)
�2

(5)

lim
t!1

E
�
R2
i
(t)
�
= (li�i+hi�i)

2

(�i+�i)2
= E

�
R1
i
(t)
�2

(6)

E[R
i
2(t)]

E[R
i
1(t)]

10−3t t 103t ∞ 0 

Time scales 

Second Moment 

Figure 2: Typical shape of the second moment of a

subprocess. �i = �i and E[Ri(t)] = 1

2.2 Process

As mentioned before the process is formed by multi-

plying the output from the sub-processes. The tran-

sition matrix is formed using Kronecker addition:

MD =M0 �M1 � � � � �Mn�1 (7)

and the rate matrix as

RD = R0 �R1 � � � � �Rn�1: (8)

Where

A�B = A
 IB + IA 
B (9)

A�B = A
 IB � IA 
B (10)

and Ix is a diagonal matrix with ones on it and the

same size as matrix x, where 
 is de�ned as

A =

2
4a1;1 : : : a1;m
: : : : : : : : :

an;1 : : : an;m

3
5
n�m

B =

2
4b1;1 : : : b1;q
: : : : : : : : :

bn;1 : : : bp;q

3
5
p�q

A
B =

2
64
a1;1B : : : a1;mB
...

. . .
...

an;1B : : : an;mB

3
75
np�mq

(11)

The moments for the process are easily obtained

simply by multiplication of the sub-process moments

E[R(t)] =
Q

n�1

i=0 E
�
R1
i
(t)
�

(12)

E
�
R2(t)

�
=

Q
n�1

i=0 E
�
R2
i
(t)
�

(13)

3 Simulations

To compare the analytical formulas of the �rst and

second moments, some simulations have been run. In

Figure 3 a set of simulations are shown where we com-

pare results from simulation with result from the an-

alytical method. In Table 1 the process parameters

are presented. In Figure 3 the �rst and the second

moment are shown. Each row corresponds to a given

set of parameters, starting with 1. The columns cor-

responds to the moments, column one is the �rst mo-

ment and column two the second moment.

Looking at the �rst row the match is perfect for

both moments. However this process corresponds to

a non varying process, with li = hi = 2 hence no

variations. Looking at row two and three, a slight

di�erence is detected. It can probably be accredited

to a too small sample space for the simulation. But

the match is fairly good at least at higher time scales

for the second moment.

4 Matching

Our developed matching method assumes that the

�rst moment has been normalized in such a way that



10
0

10
5

0

1

2

3
First Moment

10
0

10
5

1

2

3

4

5
Second Moment

10
0

10
5

0

1

2

3

10
0

10
5

1

2

3

4

5

10
0

10
5

0

1

2

3

10
0

10
5

1

2

3

4

5
Simulated
Analytical

Figure 3: A comparison between moments that where

calculated from simulations and moments based on

the analytical formulas in Equation 3 and 4

ID � � � li hi Mean

1 100 0.02 0.02 2 2 2

2 100 0.02 0.02 1 2 1.5

3 83.333 0.03 0.02 1 2 1.4

Table 1: Parameters used in simulation

the mean of the �rst moments at di�erent time scales

will be 1.

When matching real-world data there are usually

some trade-o�s to be made. We have chosen to over-

estimate the moments. The main reason for this is

that it is better to work against a worst case scenario.

Another consideration is the number of processes that

are used to match the process, since in an analysis step

to follow [1] there is a upper-bound on the processing

power. That is if we use an in�nite number of pro-

cesses we would probably get a good match, but it

would not be usable in future work.

When matching we are trying to match the �rst

two moments. There are a number of methods that

could be used to do this. In this paper we have chosen

to use a simple and heuristic method. The method

works roughly like this:

1. Initialize

~D2 The second moment

~D1 The �rst moment

~T The time scales

where Dx

i
denotes the i:th element in the vector

corresponding to the x:th moment.

E[R
i
2(t)]

E[R
i
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E[R
i
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Figure 4: How sub-process i is identi�ed from the

desired signal

2. For each time scale in ~T , try to �nd a sub-

process that has properties that match it. As if

the process were constant at time scales smaller

than t. Cf. Figure 4.

3. Loop through ~T starting at the largest time

scale and going down to the smallest, where i

denotes the position of the current time scale in
~T .

(a) Set t = Ti, � is estimated to be 10t

M2 = D2
i

M1 = D1
i

(14)

These will be used as the desired value of

the sub-process as t ! 0, since the pro-

cess has been normalized in such a manner

that the mean will be one and remember-

ing that the limit value of a sub-process in

equation 5. This value can be too large for

one single sub-process. The solution is the

usage of sub-sub-processes, processes that

are identical and together achieve the de-

sired properties on a given time scale.

(b) Estimate how many sub-sub-processes that

are needed to achieve this limit.

k =
l logM2

log 2

m
(15)

(c) If k < 0 then this time scale is O.K. goto

3.

(d) Determine the limit for a sub-sub-process

O2 =
k
p
M2 O1 =

k
p
M1 (16)

(e) Based on the symmetry from � = � = 2=�
an expression for l and h can be obtained



in the following manner:

�L = 2
p
O2 � (O1)2 (17)

l = M1
i
� �L

2
(18)

h = M1
i
+ �L

2
(19)

(f) The parameters that identify sub-process

i are known (the output rates in the two

states, the transition rates and the num-

ber of sub-sub-processes that form the sub-

process). Create two vectors ~M2
i
and ~M1

i

that span all time scales de�ned by ~T from

these parameters. These vectors specify

the moments for sub-process i. Store the

parameters needed to create these vectors.

(g) Remove the in�uence on the desired pro-

cess that this sub-process has by simply

dividing it out, element-by-element. j is

the size of the ~T .

~D1 =
h
D

1

1

M
1

1

; : : : ;
D

1

j

M
1

j

i
(20)

~D2 =
h
D

2

1

M
2

1

; : : : ;
D

2

j

M
2

j

i
(21)

4. Now the matched process can be created by

combining the sub-processes using element-by-

element multiplication using Equation 3 and 4

from the stored parameters. Recreate the mo-

ment vectors for each sub-process call them ~P x

i

where i indicate that this is sub-process i and

x indicate the x:th moment (one or two). The

moments will then be

~M1 =

2
64
P 1
1;1 � P 1

2;1 : : : P
1
j;1;

: : : ;

P 1
1;n�1 � P 1

2;n�1 : : : P
1
j;n�1

3
75 (22)

~M2 =

2
64
P 2
1;1 � P 2

2;1 : : : P
2
j;1;

: : : ;

P 2
1;n�1 � P 2

2;n�1 : : : P
2
j;n�1

3
75 (23)

5. Repeat step 3 as many times as desired (could

be based on maximal error or maximal number

of processes).

Now it is possible to list the parameters that are

needed to match the desired input. When comparing

a matched process with a measured process we de�ne

the error as

����!
Error =

"����D2
1 �M2

1

D2
1

���� ; : : : ;

�����D
2
j
�M2

j

D2
j

�����
#

(24)

4.1 Example 1: Simulated data

In Figure 5 an example of the matching is shown. Here

the desired signal is a simulated one, it was created

ID � � li hi

1 512 512 0.5 1.5

2 128 128 0.5 1.5

3 32 32 0.5 1.5

4 8 8 0.5 1.5

5 2 2 0.5 1.5

Table 2: Parameters used to create the desired signal

that is matched in Example 1.

by �ve sub-processes listed in Table 2. The �rst mo-

ment is a perfect match, the second moment is over

estimated. Looking at the error the over estimation

is not that large.

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

0.9

0.95

1

1.05

1.1

F
irs

t M
om

en
t

Measured
Matched

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

1.5

2

2.5

3

S
ec

on
d 

M
om

en
t Measured

Matched

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

0.02
0.04
0.06
0.08

0.1
0.12
0.14

S
ec

on
d 

M
om

en
t E

rr
or

Figure 5: Comparison between a simulated process

and a created process. Example 1.

4.2 Example 2: Uplink on small work-

group switch

The data used here came from a mid-size workgroup

switch(Cisco 2948G). There were about 36 hosts con-

nected to it, distributed into two categories: depart-

ment computers and 16 computers accessible to stu-

dents. The measurements were performed during the

summer of 2001, from the 7:th to the 30:th of July,

which resulted in more than 2�106 samples. The mea-

surement focused on the interface that corresponded

to the uplink of the switch. The data was collected

using a simple SNMP (Simple Network Management

Protocol) polling tool (developed during 2001-2002).

The tool polled the device roughly once every second,

with the odd delay (probably due to processing times

in the device and intermediate devices). This jitter

is of no greater importance since the values are recal-

culated and stored as rates, thus if the measure took

too long time the time sample would account for it.
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Figure 6: Comparison between a measured process

and a created process. Example 2.

Looking at Figure 6 the measured process �rst mo-

ment behaves as expected, but the second moment

seems to lack of a �at, or semi-�at section. One possi-

ble reason for this behavior could that the tra�c load

was low (measured during the summer), and most

of the tra�c that were present came from comput-

ers talking to computers in a (almost)deterministic

manner, e.g. WINS, NFS, etc. This type of source

generates tra�c at discrete intervals, and the packet

sizes are almost always the same.

Turning the focus toward the matched process a

under-estimation is noticed in the �rst point. A so-

lution to this problem, and perhaps a re�nement of

the method, was to reapply the method to the whole

set of data that remained after the �rst cycle. By

doing this a even better match was achieved in this

point, but still under-estimated (the other points re-

mained unchanged since the method found that the

points already were over-estimated, k < 0). One way
to over-estimate all-points would be to add a process

with a time scale larger than the largest time scale

and using it to shift the entire process upward. This

would however increase the error at all time scales.

To see if it was possible to get even better matches

the method was modi�ed by setting k = 1 in Equa-

tion 15 and run it several times. The result was a

dramatically improved match, the cost was an signif-

icant increase of processes.

5 Conclusions

In this paper we have presented a crude method that

allows us to match process parameters against real

network tra�c. It is possible to get a better match

using more processes, this, however, will cost in later

analysis in processing time. We have found that it is
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Figure 7: The resulting match after running the

method 5 times, modifying the method

possible to get a fairly good match using only a few

processes. We need a measurement tool that allows

us to measure at smaller time scales than one second.

SNMP measurement seems not to be able to support

this, in fact several measurements have showed that

the MIB (Management Information Base) is not up-

dated in a correct way, but rather in 10 seconds in-

tervals (this behavior was most notably noticed in a

well-known operating system).
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