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Abstract

Subband adaptive filters have been proposed to circumvent the drawbacks of slow con-
vergence and high computational complexity associated with time domain adaptivefil-
ters. Subband processing introduces transmission delays and signal degradations due
to aliasing effects. In order to overcome the transmission delays, delayless adaptive
filtering has been introduced where the coefficient adaptation is performed in the sub-
band domain while signal filtering is performed in fullband. In this paper convergence
behavior and computational complexity of two different types of delayless adaptive
filters are considered. Both open loop and closed loop configurations are studied. The
theoretical results are compared with simulations of algorithmsin a system identifica-
tion scenario.



Chapter 1

| ntroduction

Frequency domain adaptive filters [1, 2, 3], subband adaptive filters [4, 5, 6], and hy-
brid systems [7] have been introduced to reduce computational costs and to increase
convergence speed inherent from high order adaptive filters. These approaches how-
ever, may introduce transmission delay in the signal path. Thisisan undesired effect,
especially in telecommunication applications [8] such as channel equalization [9] and
acoustic echo cancellation [10].

Delayless subband adaptive filters are introduced to circumvent the drawback of trans-
mission delay, at the expense of some computational complexity [11]. Such subband
adaptive filters do not introduce delay in the signal path, although delay may still be
present in the algorithm path. Since the filtering is done in time-domain, rather than
in subband domain, there is no aliasing/imaging distortion present in the output sig-
nal. Inband aliasing effects may still impair the performance of the adaptive algorithm,
thusthe filter weights may only be suboptimal. Thefirst approach of delayless subband
adaptive filtering [11] comprises atransformation to obtain fullband filter coefficients
from filter coefficients, which are adapted in the subband domain. The first approach
comprises a transform employing the discrete fourier transform (DFT) [11]. After the
initial paper, severa new filter bank and transform configurations have been proposed,
such as an improved scheme using the DFT, and a synthesis filter bank approach [12].
Another scheme has been proposed, with tree structured filter banks and Hadamard
transforms [13] and a scheme based on uniform DFT filter bank design [14]. New de-
layless subband adaptive filters have a so been introduced, see for example [15], which
originates from the subband adaptive filtering concept, and [16], which originates from
the frequency domain adaptive filtering concept.

In this study, the convergence behavior delayless adaptive filtersis studied. Both open
loop and closed loop configurations are analyzed. It is shown that in the open loop
configuration, the subband-to-fullband transform affects the performance in terms of
mean square error but does not affect the convergence behavior. For the closed loop
configuration, the subband-to-fullband transform plays an important role in the con-
vergence behavior. Based on the results for the closed loop case, the transform with
the optimal convergence performance is derived.

Further, a novel delayless subband adaptive filter is presented, which comprises a
combination of new techniques for subband adaptive filtering [6] with the delayless
fullband filtering approach [11]. The new approach has the following properties:

e Thefullband coefficients in the delayless subband adaptive filter are directly up-
dated without the use of a subband-to-fullband coefficient transform and hence
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the number of coefficients for the delayless subband adaptive filter is the same
asfor afullband adaptive filter.

e Both open loop and closed |oop delayless adaptive filters attain the Wiener solu-
tion, and have the same convergence performance.

o Efficient block transform based techniques can be used to implement thefiltering
process efficiently.

The convergence analysis presented in this paper is based on the simple convergence
analysis of the LM S adaptive filter, which relates the convergence speed to the eigen-
values of the input correlation matrix. The reason for thisis two-fold. Thefirst reason
is that the results can easily be compared to the results for the LMS adaptive filters
and related algorithms. The second reason is that the simple convergence analysis has
proven itself to be agood tool to predict convergence behavior. It isimportant to point
out that the detailed convergence analysis of the LMS algorithm has been a difficult
mathematical task for the past decades[17], and it has also been shown that the eigen-
value spread sometimes can be a misleading quantity when judging convergence rates
[18]. The analysis resultsin this study, using the suggested technique, show very good
correspondence to simulation results and can thus be good tool s to predict convergence
behavior.

In Chapter 2, the open loop and closed loop configurations of the conventional delay-
less subband adaptive filter are described. A convergence analysis of both configura-
tionsisgiven. In Chapter 3, the optimal subband-to-fullband transformation is derived
for the closed loop configuration, based on the results from the convergence analysis
in Chapter 2. In Chapter 4, the delayless adaptive filter with adaptive polyphase filters
isdescribed. A convergence analysisisgiven for the open loop and closed |oop config-
urations. A convergence speed comparison is given in Chapter 5. Chapter 6 presents
complexity issues and finally, Chapter 7 concludes the paper.



Chapter 2

Delayless Subband Adaptive Filtering
with Subband-to-Fullband Transform

2.1 Description of the Subband Adaptive Filter

A genera description of the delayless subband adaptive filter, initially proposed in
[11], is presented in this section. The general structure is described including the open
loop and closed loop configurations.
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Figure 2.1: Original approach of delayless subband adaptive filters with open loop
and closed loop configurations.

As adaptive filters in general, delayless subband adaptive filters consist of two main
parts, afiltering operation and a coefficient adaptation operation. The filtering opera-
tion is performed by a fullband filter in the time-domain, see Fig. 2.1. In a practical
implementation, a long fullband filter has high computational complexity. In some
cases it may be preferable to implement the fullband filter partially in the frequency
domain. Thisis addressed in Chapter 5.

Thefilter coefficients of filters operating in the subband domain are adapted and trans-
formed to fullband coefficients using a subband-to-fullband transform. The advantage
of adapting filter coefficients in the subband domain is two-fold. It can be computa-
tionally more efficient and the convergence speed can be increased. The use of com-
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putationally efficient implementations may reduce the complexity even further.

Consider the input signal z(n) and the desired signa d(n) where n is the full rate
time index. The output signal y(n) is obtained by filtering z(n) with the fullband
coefficients (k)

y(n) =" (L5]) x(n), (2.1)

where f(k) = [fo(k). ..., fo,—1(k)]" isavector containing fullband filter coefficients
at timeinstant k. The variable k& denotes the subband signal time index which isrelated
to thefull ratetimeindex n accordingto & = | 7 | where | - | denotes round-off towards
the closest integer towards minus infinity. Vector x(n) = [z(n),...,z(n — Ly + 1)]*
isthe input signal vector. The fullband filter length is denoted by L. A fullband error
signa e(n) isobtained as

e(n) = d(n) — y(n). (22)

Consider a filter bank with M subbands, causal FIR analysis filters h,,,(n) of length
Ly, and decimators with decimation rate D. Theinput signal z(n) is decomposed into
subband signals x,,, (k) according to

(k) =hlx(kD), m=0,...,M—1, (2.3)

where h,,, = [hn0, - - hnr,—1)" and x(kD) isan input signal vector of correspond-
ing length.

The delayless subband adaptive filter has two operation configurations, open loop and
closed loop. In the open loop configuration, the desired signal is decomposed into
subband signals as

dm(k) =hld(kD), (2.4)

and subband error signals e, (k) are obtained as
em(k) = di(k) = Yo (k) = dpn (k) — Wy, (k)% (k). (2.5)

where w,, (k) = [wmo(k), ..., wnr,—1(k)]" isavector containing the adaptive filter
coefficients at time instant &, and x,,,(k) = [z, (k), ..., zm(k — L, + 1)]7 isaninput
subband signal vector. The length of the adaptive filters L., is related to the fullband
filter length L ; and the decimationrate D as L,, = L/ D.

In the closed loop configuration, the subband error signals are obtained by decom-
posing the fullband error signal into subband error signals

em(k) = hle(kD). (2.6)

In both configurations, a Normalized Least Mean Square (NLMS) algorithm is used
in the subbands. Other adaptive algorithms can also be used, such as Recursive Least
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Squares (RLS), or Affine Projection Algorithm (APA) [17]. The subband NLMS co-
efficient adaption equation is

Wi(k 4+ 1) = Wi (k) + pm (ke (k)x, (k). (2.7)
The time-varying subband step size 1, is calculated as
tm (k) = p/ P (k), (2.8)

where 11 is agloba step size and P, (k) is the short time subband power estimate of
the m-th subband signal ., (k)

P(k) = Zmi2m) (2.9)

The fullband coefficients are obtained from the subband coefficients by means of a
linear coefficient transform

f(k) = Tw(k), (2.10)

where w(k) = [wl'(k),...,wl, ,(k)]T is a concatenated adaptive filter coefficient
vector at time instant &, and matrix T is the subband-to-fullband transform.

The open loop configuration is summarized by the equations

foraln :

yn) = £(15])" x(n) (211)

foral k= | 5] :
(k) = hlx(kD) (2.12)
dn(k) = hld(kD) (2.13)
yn(k) = Wi (k)xn (k) (2.14)
em(k) = dn(k) = yn(k) (2.15)
m(k) = Xan(Ak)Xm(k)/Lw (2.16)
(k) = p/Po(k (2.17)
Wik +1) = Wi(k) + pon(k)em(k)xE, (k) (2.18)
f(k+1) = Tw(k+1) (2.19)



The closed loop configuration is summarized by the equations

foral n

yn) = £(15])" x(n) (220)
e(n) = d(n)—y(n) (2.21)

forall k = | 5] :
Tm(k) = hlx(kD) (2.22)
em(k) = hle(kD) (2.23)
(k) = x5 (k)% () /Ly (2.24)
(k) = p/Pr(k) (2.25)
wWn(k+1) = wp(k) 4+ pm(k)en(k)x, (k) (2.26)
f(k+1) = Tw(k+1) (2.27)

In the next sections an overview of different existing subband-to-fullband transforms
in combination with filter banks for the subband signal decompositionsis presented.

2.2 Filter Bank and Transform Configurations

2.2.1 Uniform DFT Filter Banks

A uniform DFT Filter Bank consists of M analysisfilters H,,(z), see Fig. 2.2, which
are modulated from a prototype filter H(z) according to

Hyo(2) = HW), (2.28)

where Wy, = e727/M Let Ay(2),1 = 0,..., M —1, denote the polyphase components
of the prototype filter H(z)

Z LA (zM). (2.29)

=0

Accordingly, the polyphase decomposition of al analysisfiltersis given by

M—

Z M W ml (230)

=0
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Figure 2.2: a) Direct Formand b) equivalent Polyphase Form of an Analysis Uniform-
DFT Filter Bank.

The filter bank can be implemented efficiently according to the polyphase decomposi-
tion, consisting of adelayline, polyphasefiltersand an IFFT operation, seeFig. 2.2. An
important efficiency gain is obtained when the decimators and the polyphase compo-
nents trade place, and A4;(z*) isreplaced by A;(z"/P), according to the noble identity
[19]. The efficiency gain comes from the fact that only the samples in the decimated
subband signals are computed, which is not the case in the direct form where many
samples are discarded by the decimators.

DFT-1 Subband-to-Fullband Transform

In the original approach of delayless subband adaptive filtering by Morgan and Thi
[11], a scheme is proposed with oversampled uniform DFT filter banks. The decima-
tion factor in this approach isset to D = M /2. In the subband-to-fullband transform
each subband coefficient vector isfirst transformed using a DFT with length L,,, then
the frequency bins are stacked into one large vector and this vector is finaly trans-
formed to the fullband filter coefficients by an inverse DFT, see Fig. 2.3

A matrix expression for thistransformis
where Ty isan L,, x L,, DFT matrix, T; ' isan Ly x Ly inverse DFT matrix, S isan

Ly x ML, stacking matrix, and diag[- - - | denotes block diagonal matrix. The stacking
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Figure 2.3: DFT-1 Transform.

matrix S can be expressed using identity- and zero matrix sub-blocks according to

I 0 0 O

o o
O -
[ =]
o o

- O

o o

o o

O -

o o
==
- O
o o
- O
o o
== ]
O -

0 0 0TI
) (2.32)
wherel isa L, /4 x L, /4 identity matrix and Oisa L,,/4 x L, /4 zero matrix. Not
shown sub-block entries are equal to the zero matrix O.

DFT-2 subband-to-fullband Transform

An improved scheme of the delayless subband adaptive filter approach was proposed
by Huo et. al. [12], where al subband coefficient vectors are first zero-padded with
L,, zeros. Internaly, the scheme is essentially the same as the DFT-1 scheme but the
fullband coefficients are the first L coefficients obtained from the inverse DFT, see
Fig. 2.4. In[12], it has been shown that the transform improves the steady state error
level in the open loop configuration and the convergence speed in both the open loop
and the closed |oop configurations.

A matrix expression of the subband-to-fullband transformation is given by
T = QT 'S diag[T.P, ..., T,P] (2.33)
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Figure 2.4: DFT-2 Transform.

where

P = [(I)Lw } Q=1 0, ] (2.34)

w

Compared to the DFT-1 transform all matrices in Eq. (2.33), Ty, T;',and the sub-
block matrices I and 0 in the stacking matrix S are doubled in size. Theindices on the
identity matrices I and the zero matrices 0 in Eq. (2.34) denote their size.

2.2.2 Tree-Structured Uniform Filter Banks

In atree-structured uniform filter bank, the input signal =(n) isfiltered with alowpass
and highpassfilter and critically decimated, i.e. with adecimation rate of D = 2. The
subband signals are successively splitted into alow and high frequency subband signal,
using alowpassfilter H;,(z) and ahighpassfilter Hy(z), see Fig 2.5. The structureis
developed for uniform filter banks where the number of subbands is a power of two.
The filter bank structure is closely related to octave filter banks, but in octave filter
banks only the lowpass branches are successively splitted [20].

Hadamar d subband-to-fullband Transform

Delayless subband adaptive filters with critically sampled filter banks (D = M) have
been proposed by Hirayamaet. a. [21, 13], where it is shown that under certain con-
ditions, the use of tree structured filter banks in the closed-loop configuration leads to
a very efficient subband-to-fullband coefficient transformation employing Hadamard
transforms. A Hadamard matrix H isa M x M sguare matrix with elements 1 and -1
such that

HEHy = M1 (2.35)
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Figure 2.5: Tree-structured Uniform Filter Bank.

In the case of Hadamard matrices where M is a power of 2, a recursive definition is
given by

H  Hm

H2m = |: Hm _Hm

], m=0,1,2,... (2.36)
assuming that 7, = 1. The advantage of Hadamard transforms is that there are no
multiplications in the transform. The transform includes only summations and sign
alterations.

The coefficient transform T is defined, such that block partitions of the fullband fil-
ter, with block-length M, are transformed with a M x M Hadamard matrix from the
adaptive filter coefficients according to [13]

x(n) y(n) f(n)
—»  f(n) = Am e mm et e

A -7

- Stacking Procedure 2
Coefficient

Transform

Stacking Procedure 1

AR s Ha |

Figure 2.6: subband-to-fullband Transform using Hadamard Transforms.
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Hence, first all filter coefficients with the same coefficient index are collected from
the adaptive filters in the subband domain, and combined into L., separate vectors
(stacking procedure 1, see Fig. 2.6). Then, the Hadamard transform is applied on
each vector. The resulting vectors are block partitions of the fullband filter, and the
fullband filter is thus obtained simply by stacking these vectors (stacking procedure 2,
see Fig. 2.6).

2.2.3 AnalysisFilter Bank Design

In this section an analysis filter bank design procedure for the delayless subband adap-
tive filter is described. Lossless power complementary filter banks with minimum
phase property is designed. The reason for the use of this design method is that the
design procedure is applicable for both uniform-DFT (M -channel filter bank design)
and tree structured filter banks (two-channel filter bank design).

The power complementary constraint for an M -channel analysis filter bank is given
by

—_

M—

ST Hule™)|* =1, (2.38)
m=0

where the analysis filters H,,(z) are derived from a lowpass prototype analysis filter

H(z) with real coefficients according to H,,,(z) = H (zW}}). With the spectral factor-

ization Q(z) = H(z)H(z™'), where Q(e’*) is a rea-vaued frequency function and

Q(e’*) > 0[22], the power complementary constraint can be rewritten as

M—-1
> QW) = 1. (2.39)
m=0
The transfer function )(z) is azero phase FIR filter with coefficients ¢;
L-1
Qz)= > gz (2.40)
i=—L+1

The power complementary constraint can be transformed to the time-domain according
to

M—-1
> aWy™ =, (2.41)
m=0
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where §; = 1 for « = 0 and zero otherwise. Since

M-1
i | M fori=0,£M,£2M,...
E:O W™ = { 0 otherwise (242)
the power complementary constraint becomes

Since ¢; issymmetric about i = 0, i.e. ¢; = q_;, the z-transform can be rewritten as
Q(z) = qo + Z gl{z' + 27" =qo +2 Z ¢Re{z'} = ¢" (2)q. (2.44)
=1 =1

Defining a stopband 2 = [wy, 7|, the energy in the stopband can be minimized subject
to the power complementary constraint. This design problem can be formulated as a
guadratic program according to

: Jw |2
win [ Q) Pd o
g = Mo;, fori =0,+M,+2M, ...

which can be rewritten as

minq’ A
{ 1 ad (2.46)

q
Bq=c/M

where B is adiagonal matrix with ones on the main diagonal at each A/-th entry and
zeros otherwise, c is avector with aone at the first entry and zeros otherwise, and

A= / H(™) " (7w (2.47)
Q

with ¢o(e’*) = 1 and ¢;(e’*) = 2cos(wi) for i > 0. The minimum phase analysis
prototype filter H(z) is obtained by taking the roots of Q)(z) which are inside the unit
circle. Roots on the unit circle are taken only once [22],

H(z)=(1- 2_12’1) (1= z—lzL_l)M ’21|qL—ZlL|1’ (2.48)

A prototype filter design exampleisgivenin Fig. 2.7. A prototype filter was designed
for a M = 4 subband uniform-DFT filter bank with decimation rate D = 2 and filter
length L = 16. The stopband parametersis set to w, = 7/ D.
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Figure 2.7. Magnitude and impulse response of a length L = 16 prototype analysis
filter H(z) for an analysisfilter bank with A/ = 4 subbands and power complementary
minimum phase analysis filters. The stopband parametersis set to w, = n/D, with a
decimation rate of D = 2.

2.3 Convergence Analysis

In this section a convergence analysis is given comparable to a well known analysis
of the LMS adaptive filter [17], see the Appendix for the convergence analysis of the
LMS. The analysis is used to study the convergence of the filter coefficients in the
mean, and relates convergence speed to the eigenvalues of the input correlation matrix
[23].

For both the open and closed loop configurations, the fullband filter coefficient up-
date equation can be written as

f(k+1) = £(k) — LuTP (k) V (k), (2.49)

where 1 is the global step-size and P (k) is a diagonal matrix with subband signa
power estimates

P(k) = : (2.50)
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where I isthe unit matrix. The gradient vector V (k) is composed of subband gradient
vectors .
V (k) = =2 [eo(k)x} (k) ..., en—1(k)xi_ (k)] . (2.51)

The convergence in the mean can be studied by taking the expected value of the full-
band filter coefficient update equation
E{f(k+1)} = E{f(k)} — suTP'E{V(k)} (2.52)

where E£/{-} denotes ensemble average and theinput is assumed to be stationary P, (k) =
P, = E{|z,(k)|*}. Let f(k) = E{f(k)} and V (k) = E{V (k)}. The mean gradient
vector is given by

V(k) = =2 [E{eo(k)xq (k)},. .., E{ear—1(k)xy;_ (k)}]

T

(2.53)

2.3.1 Convergence Analysis of the Open L oop Configuration

In the open loop configuration, the subband error signals are calculated in the subband
domain e, (k) = d,,(k) — ym(k), as defined in Eq. (2.5). Hence, the mean gradient
vector V (k) can be expressed as
B E{do(k)xg(k)} — E{wg (k)xo(k)x5 (k) }
V(k)= -2 ; (2.54)
E{da-1(k)xpy_y (k) } — E{wi,_y (k)xar-1(k)x3,_, (k) }
Assuming that the adaptive filter coefficients w,, (k) are independent of the subband
signals x,, (k), Eq. (2.54) can be rewritten as
Iy R()Wo(k/’)
V (k)= -2 : +2 : , (2.55)
r'y—1 Ry 1Wa—1(k)

where w,,,(k) = E{w,,(k)}, and r,, is a subband signal cross-correlation vector,
defined as

r, = B{x} (k)d,(k)} = H E{x*(k)d" (k)}h,, = H Ryh,,, (2.56)
and R,,, isasubband signal correlation matrix is defined as
R,, = BE{x},(k)x% (k)} = HZ E{x*(k)x" (k)}H,, = H’R,,H,,, (2.57)

where H,,, is a convolution matrix with analysisfiltersin the columns.

H,, = . (2.58)



In each column of H,,, the analysis filter column vector h,, is shifted downwards by
D positions, relative to the previous column.

Eq. (2.55) can be rewritten as

Iy RO 0 W()(k')
Vk)=-2| + |+2 : . (2.59)
a1 0 Ry War—1(k)

A composite block diagonal correlation matrix R is defined as

R, 0
R = - , (2.60)
0 Ry

and a composite cross-correlation vector r is defined as
T
r=[r],....thy,] - (2.61)

The mean gradient vector now can be expressed as

V (k) = —2r + 2Rw(k), (2.62)
where w(k) = [wW} (k),..., Wi, ,(k)]T. Assuming that the adaptive filter converges
in the mean, then

lim V(k) =0, (2.63)

which leads to the system of equations
RWCO”V — I‘, (264)

where w o, denotes the converged subband coefficient vector. The solutionto Eq. (2.64)
isgiven by
Weow = R7'T, (2.65)

and the corresponding fullband filter coefficients are given by f.ooy = Tweony. Note
that the optimal solution of the open loop delayless subband adaptive filter foon, =
TR 'r generally does not lead to the optimal Wiener solution fyiener = R, T4z, SEE
Appendix A.

Since R is decomposed of sub-block hermitian correlation matrices, R,, = REZ,
the solution weony 1S composed of the individual Wiener solutions in the subbands
W wiener = R;,,'Ty,. The update equation of the composite filter coefficient vector of
the adaptive filtersin the subbands is given by

w(k+1) = w(k) — 2P L(k)V (k). (2.66)
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Taking the expected value of Eg. (2.66), assuming stationary input and inserting Eq. (2.62),
the filter vector update equation for w(k) is given by

wk+1)=(I-pP'R)wW(k) +pP'r (2.67)
The coefficient error vector Aw (k) isdefined as
AW (k) = W(k) — Weonv (2.68)
Inserting Eq. (2.67) into Eq. (2.68) and replacing r by Rw o, Yields

Aw(k) = (I—pP7'R)W(k—1)+ uP 'RWeon — Weo (2.69)
= (I-pP'R)(W(k—1) — Weo) (2.70)
= (I-pP'R)AW(k—1) (2.71)

The fullband coefficient error vector is simply obtained by multiplying with the trans-
formation matrix, i.e. Af(k) = f(k) — feony = TAW(k).

The ML, x ML, correlation matrix R can be decomposed using the eigenvalue
decomposition for hermitian matrices R = VAV#  where V is an orthogonal eigen-
vector matrix and A is a diagonal matrix with eigenvalues \;, i = 0,..., ML, — 1
[24]. Similarly, the sub-block correlation matrices R,,, can be decomposed using the
eigenvalue decompositions R,,, = V,,,A,,, VE  with eigenvalues ),,, ;. Combining all
eigenvaluesfrom al A,, givesal eigenvaluesin A.

The update equation for the coefficient error vector Aw(k) can be rewritten using
the elgenval ue decomposition

Aw(k+1) = (VVT - P7'VAVT) Aw(k) (2.72)
= V(I-uP'A) VIAW(K) (2.73)

A modal coefficient error vector is defined as AW (k) = VZAw(k), and based on
start vector w(0) with modal error vector Aw’(0), the update equation is given by

AW (k) = (1— uP7'A) AW(0), k> 0. (2.74)

Since (I - uP~'A) isadiagonal matrix, the modal coefficient errors become indepen-
dent
AW (k) = (1 — phe/ Pu) A (0), & > 0. (2.75)

Hence, the adaptive filter converges in the mean if

2

max Oon i/ P’ (2.76)

O<pu<
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An important and useful measure of performance is the behavior of the fullband mean
square error as afunction of time. The definition of fullband mean square error (M SE)
isgiven by

J(n) = E{le(n)*} (2.77)
wheree(n) = d(n)—y(n) andy(n) = £7 (| %]) x(n). For acoefficient vector f (| % |)
at time instant »n, the mean square error is

J(n) = E{]d )= £ (L)) x(m)[* (2.78)

= o;— (| 5)) rea — mdf(t 1)+ 7 ([5]) Raaf (L5]), (279)
where o = E {|d(n) }, r,o = E{x*(n)d(n)}, and R,, = E {x*(n)x"(n)}. In
the case where f is the converged coefficient vector fy,, the Minimum Mean Square
Error (MMSE) is given by

Jmin = 02 — 8 roq — v oo + £E R foony, (2.80)

which isin general not equal to the MM SE of the Wiener solution. A major drawback
of the open loop configuration is that the algorithm generally does not reach the same
MMSE. The performance in terms of the MM SE depends the choice of filter banks
and subband-to-fullband transform.

The eigenvalue spread, and thereby the convergence speed, greatly depends on three
factors: the input signal correlation, the analysis filters and the decimation rate. In a
practical situation with a decaying input correlation function, a higher decimation rate
will give more uncorrelated subband input signal samples. The length of the analysis
filters also affects the subband input correlation. Hence, the open loop configuration
may in certain situations converge at a slower speed than the fullband counterpart, for
example when the input is uncorrelated but the analysis filters cause correlated input
samples to the adaptive filters in the subbands.

2.3.2 Convergence Analysis of the Closed L oop Configuration

In the closed loop configuration, the subband error signals are obtained from the full-
band error signal according to Eq. (2.6). Hence, the mean gradient can be written

hi E{e(kD)x;(k)}
V(k) = -2 : . (2.8)
hi,  E{e(kD)x}, ,(k)}
Inserting the fullband error signa vector e(n) = d(n) — y(n) gives
hg E{d(kD)x;(k)} — hg E{y (kD)x;(k)}
V(k) = -2 ; . (282
hi, E{d(kD)x};_, (k) — hi;_ E{y(kD)x},_,(k)}
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The output signal vector y(n) can be expressed in terms of the fullband filter coeffi-
cients as

y(kD) = FT (k)x(kD), (2.83)
where F(k) isaconvolution matrix with fullband filter coefficients at time instant &
f(k) 0
F(k) = . : (2.84)
0 f(k)

Observethat Eq. (2.83) isonly true when the coefficientsin f (k) are constant over time.
For convenience it is assumed that the coefficients adapt slowly enough for Eq. (2.83)
to be approximately true. The vector productsh’ y (kD) in Eq. (2.82) can be rewritten
using the fullband filter coefficient matrix F (k)

h?y(kD) = h! F* (k)x(kD) (2.85)
Changing the order of filtering yields
hly(kD) = " (k)H} x(kD), (2.86)

where H,, isa conventional (non-decimated) convolution matrix with analysis filter
coefficients. The product H? x(k D) is a non-decimated subband signal vector. Hence

)y (kD) = £7 (k)% (kD), (2.87)
where vector x,,(n) contains non-decimated subband signal samples, i.e. x,,(n) =
[Zm(n), ..., Zm(n—L;+1)]", where z,,(n) isthe m-th non-decimated subband input
signal. The desired signal d(n) filtered with the analysis filters yields the subband
desired signals d,,, (k)

h!d(kD) = dy,(k), (2.88)
Inserting Egs. (2.87) and (2.88) into Eq. (2.82), and using the independence assump-
tionyields
B E{do(k)x5(k)} E{x;(k)%g (kD) (k)
V(k)==-2 : +2 :
E{dy-1(k)x3_1(k)} B{x}y_1 (k)X},_1 (kD) } (k)

Non-quadratic correlation matrices R,, withsize L, x L 7 aredefined as

(2.89)

R, = B{x;,(X%(kD)} = HY B{x (X" (kD)}H,, = HIR,, .  (290)

Inserting Eq. (2.90) into Eq. (2.89) and using the correlation vector r,, defined in
Eq. (2.56) yields

V(k) = -2 : +2 : f(k), (2.91)



which can be smplified to
V (k) = —2r + 2Rf(k). (2.92)
Assuming that the adaptive filter converges in the mean, then

lim V(k) =0 (2.93)

k—o0

which leads to the system of equations
Rf =r. (2.94)

Since R isanon-quadratic matrix, the system is overdetermined. The coefficient trans-
formation matrix T and the subband power matrix P can be included in Eq. (2.92) to
form a”transformed gradient” according to

TP 'V (k) = —2TP " 'r + 2TP'Rf(k), (2.95)

see Eq. (2.52). By setting Eq. (2.95) to zero, TP~V (k) = 0, the following system of
equationsis obtained ~
TP_lRfCOW — TP_II', (2.96)

where TP~'R isaquadratic matrix. Let Q = TP'R.. A unique solution fxn, exists
when Q is non-singular. By inserting EQ. (2.95) into Eq. (2.52), the coefficient update
in the mean can be expressed as

fk+1) = f(k)+ (TP TP*%?(k)) (2.97)
— ( — uTP- 1R> (k) + uTP ' Rfcony (2.99)
= (I-1Q) ( ) + 1 Qfconv (2.99)

Subtracting f.on, from f(k) gives the coefficient error vector

AF(k) = F(k) — foonn (2.100)

Inserting Eq. (2.99) into Eq. (2.100) yields

Af(k’ + 1) = (I - ,UQ) f( ) + 11 Qfconv — foonv (2.101)
= (1— Q) (F(k) — foory) (2.102)
— (1— Q) AF(R) (2.103)

Matrix Q cannot be factorized using the eigenvalue decomposition for hermitian ma-
trices (the spectral theorem Q = VAVH), since the matrix is generally not hermitian
and the eigenvalues of QQ are generally complex valued. However, the eigenvalue de-
composition for any square matrix, Q = VAV !, can till be used.
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The coefficient error vector update equation can be rewritten as

Af(k+1) = (VV ' =uVAV™Y) Af(k) (2.104)
= V(I—pA)VIAf(E) (2.105)
The modal coefficient error vector is defined as
AF (k) = VIAF(k). (2.106)
Combining Egs. (2.105) and (2.106) yields
AF (k+1) = (I — pA)AF (k). (2.107)

If the adaptive filter isinitialized with coefficients £(0), then A£(0) = £(0) — foon and
Af'(0) = V7TAF(0). Hence

AF (k) = (I — pA)*AF(0). (2.108)
Since (I — uA) isadiagona matrix, the elementsin Af’(k) may be expressed as
AT (k) = (1 — ph)*AL/(0), i=0,...,L;—1 (2.109)

In order for f(k) to converge to feon, it is necessary that the coefficient error vector
Af (k) convergesto zero, and therefore that Af’(k) convergesto zero. Thiswill occur
for any Af'(0) if and only if

1—pN| <1, n=0,...,Ly—1 (2.110)

Since |1 + p|Ai|] < |1+ p\;| atighter bound is obtained, which places the following
restriction on the step size

2
O<pu<— (2.111)
| Amax|”
which is comparable to the bound in the fullband LM S with real eigenvalues.
The fullband mean square error is given by
J(k) = E{|e(n)[?} (2.112)
and the minimum MSE (MM SE) is given by
Jiin = 05 — £2 voq — v feony + T2 R feony- (2.113)

An advantage of the closed loop configuration is that the algorithm can reach the same
minimum MSE as the fullband counterpart. The convergence anaysis show that the
convergence speed is mainly dependent on how the subband-to-fullband transform
matches the correlation matrix R. Another important advantage is that the closed loop
configuration is less computationally complex since it does not require filtering opera-
tionsin the subband domain, which are required in the open loop configuration.
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2.4 Simulation Results

24.1 Open Loop Delayless Subband Adaptive Filter

In this section the convergence properties of an open loop delayless subband adap-
tive filter in a system identification scenario is studied. The theoretical results are
compared with Monte Carlo simulations of the algorithm. The open loop delayless
subband adaptive filter has L, = 8 fullband coefficients. Uniform-DFT analysis fil-
ter banks are used with M = 4 subbands, decimation rate D = 2 and filter length
L = 2M = 8. The prototype filter is designed using the method described in Chapter
2.2.3. The coefficient transform isDFT-2. Thestep sizeisset at ;1 = 0.05 - 2/ A\max-

Theinput signal z(n) isan AR-1 processwith apoleat z = 0.9. The unknown system

s(n) isalength L, FIR filter with randomly generated coefficients, see Fig. 2.8. The
system noise power level is-80 dB .

WGN
o%=-80 dB
s -

d(n)

OPEN LOOP

\ _-
X(m) > f(n) y(m) {5 e P e “ crosepLoop

Weight Transformation

Xm(n) Wm(k) em/ dm(n) :

Figure 2.8: System identification scenario.

Fig. 2.9 shows the evolution of the MSE as a function of time. The MSE evolution is
shown theoretically according to the coefficient update in the mean Eq. (2.99) and by
averaging of multiple simulations with the adaptive algorithm according to Eq. (2.7).
It can be seen that the ssmulation results correspond to the theoretical results. The
following consecutive figures, Figs. 2.10, 2.11 and 2.12 show the evolution of the co-
efficients, the coefficient errors and the modal coefficient errors. Clearly from Fig. 2.11
it can be seen that the coefficient errors decay to zero. However, in Fig. 2.12 it can be
seen that modes decay with different speeds depending on the elgenval ue-spread.
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Figure 2.9: Mean Square Error J(n) for the open loop delayless subband adaptive
filter.
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Fullband Coefficients - 10 Averages
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Figure 2.10: Magnitude of the fullband filter coefficients |f;(k)| for the open loop

delayless subband adaptive filter.
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Figure 2.11: Magnitude of the coefficient errors |A f;(k)| for the open loop delayless
subband adaptive filter.
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Figure 2.12: Normalized magnitude of the modal coefficient errors |Af; (k)| /| A/ (0)]
for the open loop delayless subband adaptive filter.
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2.4.2 Closed Loop Delayless Subband Adaptive Filter

In this section the convergence properties of a closed loop delayless subband adaptive
filter is studied. The scenario is the same asin Chapter 2.4.1. The closed loop delay-
less subband adaptive filter has L, = 8 fullband coefficients, uniform-DFT analysis
filter banks with M = 4 subbands, decimation rate D = 2 and filter length L = 2.
The prototype filter is designed using the method described in Chapter 2.2.3. The co-
efficient transform is DFT-2. The step sizeisset at 11 = 0.05 - 2/|Amaa-

Fig. 2.13 shows the evolution of the MSE as a function of time. The evolution of the
MSE is shown theoretically according to the coefficient update in the mean Eq. (2.99)
and by averaging of multiple simulations with the adaptive algorithm according to
Eq. (2.7). It can be seen that the simul ation results correspond to the theoretical results.
The following consecutive figures, Figs. 2.14, 2.15 and 2.16 show the evolution of the
coefficients, the coefficient errors and the modal coefficient errors. From Fig. 2.15 it
can be seen that the coefficient errors decay to zero.
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Figure 2.13: Mean Sguare Error J(n) for the closed loop delayless subband adaptive
filter.
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Figure 2.14: Magnitude of the fullband filter coefficients |f;(k)| for the closed loop

delayless subband adaptive filter.
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Figure 2.15: Magnitude of the coefficient errors |A f;(k)| for the closed loop delayless
subband adaptive filter.
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Figure 2.16: Normalized magnitude of the modal coefficient errors |Af; (k)| /| A/ (0)]
for the closed loop delayless subband adaptive filter.

31



Chapter 3

Optimal Subband-to-Fullband
Transform

3.1 Optimal Transform for Closed L oop Configuration

In Chapter 2.3.2 it was shown that the convergence speed of the closed |oop delayless
subband adaptive filter depends on the coefficient transform. It was also shown that
uniform convergence is obtained when the following relationship is fulfilled

Q=1 (3.2)

where Q = TP'R. When the input signal correlation is known, then the correlation
matrix R is known and the coefficient transform can be obtained by finding the inverse
matrix to P~'R. However, since P~'R isanon-quadratic matrix, the inverse does not
exist. Provided that R”P~2R is non-singular, a solution to Eq. (3.1) is given by the
pseudo-inverse of P~'R

T = (P-lf{>+ - (RHP—2R) “RAp-H (3.2)

Using the pseudo-inverse of P~'R as the subband-to-fullband transform, diagonalizes
the matrix Q that governs the convergence performance so that one coefficient in the
fullband filter controls one and only one mode of the adaptive filter and normalizes the
eigenvalues so that the modes converge uniformly, i.e. with the same speed.

3.2 Smulation Results

3.2.1 Optimal/Uniform-DFT Closed L oop Configuration

In this section, the theoretical results of Chapters 2.3.2 and 3.1 are compared with the
practical implementation of a closed-loop delayless subband adaptive filter, where the
subband-to-fullband transform is the optimal transform. For the sake of comparison
the settings are the same as for the example in Chapter 2.4.2. Fig. 3.1 shows the
evolution of the M SE as afunction of time. The MSE evolution is shown theoretically
according to the coefficient update in the mean Eqg. (2.99) and by averaging of multiple
simulations with the adaptive algorithm according to Eq. (2.7). It can be observed
that the adaptive algorithm has a larger excess mean square error compared with the
algorithm in Chapter 2.4.2. The following consecutive figures, Figs. 3.2, 3.3 and 3.4
show the evolution of the coefficients, the coefficient errors and the modal coefficient
errors. Clearly from Fig. 3.3 it can be seen that the coefficient errors decay to zero.
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In Fig. 3.4 it can be seen that modes decay uniformly due to the decorrelation and
normalization effect of the transformation matrix.
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Figure 3.1: Mean Sguare Error .J(n) for the closed loop delayless subband adaptive
filter with the optimal transform.
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Figure 3.2: Magnitude of the fullband filter coefficients | f;(k)| for the closed loop
delayless subband adaptive filter with the optimal transform.
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Figure 3.3: Magnitude of the coefficient errors |Af;(k)| for the closed loop delayless
subband adaptive filter with the optimal transform.
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Figure 3.4: Magnitude of the modal coefficient errors |Aﬁ'(k)| JIAF(0)] for the
closed loop delayless subband adaptive filter with the optimal transform.
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Chapter 4

Delayless Subband Adaptive Filter
without Subband-to-Fullband
Transform

4.1 Description of the Subband Adaptive Filter

In this chapter a new delayless subband adaptive filter is presented using the approach
of polyphase filter adaptation, which was previously presented for subband adaptive
filtering in [6]. Consider the input signal x(n) and the desired signal d(n). Asin
conventional delayless subband adaptive filtering, The output signal y(n) is obtained
by filtering z(n) with the fullband filter (%)

y(n) = £ (L 5]) x(n), (4.1)

where f(k) = [fo(k), ..., fr,—1(k)]" isavector with fullband filter coefficients f;(k),
where i is the coefficient index and n the time index corresponding to the input signal
samplerate. Thefilter coefficients are updated at alower sampling rate with time index
k = | %]. Thefullband filter length is denoted with L ;. The output signal y(n) can be
decomposed into decimated subband signals according to

ym(k) =hyy(kD), m=0,....M —1, (4.2)

where h,,, is avector with analysis filter coefficients. The filter length of the analysis
filtersis Ly. Eq. (4.1) and Eq. (4.2) areillustrated in Fig. 4.1.

y<n)= . > | D f—»¥,(K)

ol e B : :

> |D —'>yM_l(k)

Figure 4.1: Adaptive filtering and subband decomposition, Eq. (4.1) combined with
Eq. (4.2).

Assuming the open loop configuration for the delayless subband adaptivefilter (seethe
final structure in Fig. 4.4), the desired signal d(n) is aso decomposed into decimated
subband signals

dn(k) =hrd(kD), m=0,...,M —1. (4.3)
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Subband error signals are obtained by
em(k) = dn(k) — ym(k), m=0,....M —1. (4.4)
Inserting in EQ. (4.1) intoin EqQ. (4.2) yields
ym (k) = 7 (K)H,x(kD) = T ()X, (kD), (4.5)

where H,,, denotes the conventional (non-decimated) convolution matrix with analysis
filter coefficients. This means that the adaptive filter and the subband decomposition
have traded place. Eq. (4.5) isillustrated in Fig. 4.2.

X
fk) »{iD Y&
x(n) | 7 I I
| ; A ;

f(k) F={ID |, Yy {K)

Y
=
Y

Y
=
Y

/

Figure 4.2: Subband decomposition prior to adaptive filtering, Eq. (4.5). This system
isequivalent to the systemin Fig. 4.1.

A polyphase decomposition of the fullband filter into ) componentsis given by

fai(k) = fip+a(k), d=0,...,D—1 (4.6)

where f,,(k) denotes the [-th coefficient of the d-th polyphase component of f(k) at
timeinstant k. Since the polyphase components operate on the polyphase components
of the input subband signal, they operate at the lower sample rate and are also updated
by the adaptive algorithm at this rate. This explains the use of time index k. It is
assumed that the fullband filter length L ; isamultiple of D. The polyphase decompo-
sition of the non-decimated input subband signals z,,,(n) is

Fma(k) = n(kD —d), d=0,...,D—1 (4.7)

The output subband signals y,,, (k) in Eq. (4.5) can be expressed in terms of polyphase
components as

ym(k) = fd (k)im,d(k)7 (48)

v

.
I

where
fd(k> = [fd<k)7 fDer(k)? s 7fofD+d(k>]T7 (49)
and

X a(k) = [Em(kD + d), Zm(kD — D +d),..., (kD — Ly + D — d)]*. (4.10)
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Figure 4.3: lllustration of the polyphase implementation of the adaptive filters,
Eq. (4.8) Thissystemis equivalent to the systemin Figs. 4.2 and 4.3.

The calculation of the output subband signals according to Eq. (4.8) isillustrated in
Fig. 4.3.

The subband error signd e, (k) in the open loop caseis given by
em(k) = dm(k) = > £1 % a(k). (4.12)

In the closed loop configuration, the error signals are not computed in the subband
domain, but they are obtained by transforming the fullband error signal to the subband
domain according to

em(k) = hl e(kD). (4.12)

By using the closed loop configuration, the computational savings are apparent since
the filtering in the subband domain is omitted. An adaptive algorithm is now devel-
oped, which updates the fullband coefficients directly without the use of a coefficient
transform. The delayless polyphase adaptive filter isillustrated in Fig. 4.4.

In both configurations, the fullband filter coefficients are updated to minimize the in-
stantaneous cost function proposed in [6]

M—1
J(k) = Poltem (k). (4.13)
m=0
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Figure 4.4: Delayless Subband Adaptive Filter with Adaptive Polyphase Filters. Note
that the polyphase filters have the same coefficients in all subbands and that there is
no subband-to-fullband transfor mation of the coefficients, i.e. the subband coefficients
are immediately applied in the fullband filtering.

Based on the subband error definition of the open loop configuration, the gradient
vector is given by

0.J (k) i, 0

Vik) = 25505 = Q;Pnglem(k)af;(k)e;(k) (4.14)
= 2 Y PR (h) (419
m=0

A Least Mean Square update equation for the polyphase components f,; (k) is given by

fi(k+1) = fi(k)— %w(k;)
= B 4 S PR (Wen(k), d=0.....D—1 (416)
m=0

Combining the update equations for the polyphase components, a composite update
eguation for the whole fullband filter can be obtained as

f(k+1)=£(k)+p Y Pp'%5,(kD)em(k). (4.17)



For non-stationary input, the subband signal powers P,, have to be estimated, for ex-
ample using the estimate in EQ. (2.9) or by using exponential averaging

Po(k) = aPp(k —1) + (1 — a)|zm (k) (4.18)

where the constant « is a forgetting factor.

4.2 Convergence Analysis

The mean coefficient update equation for both configurationsis

M-1
F(k+1)=£(k) - 3u > Py 'Vin(k). (4.19)
m=0

where the mean subband gradient vector is

Vou(k) = —2B{%" (kD)en(k)} (4.20)

421 Convergence Analysisof Open Loop Configuration

In the open loop configuration, the error signals are computed from the subband sig-
nals, hence the mean subband gradient vector is

Vin(k) = =2B{%, (kD)[dm (k) — yum(k)]} (4.21)

Assuming that the adaptive coefficients and the input subband signals are statistically
independent, Eq. (4.21) can be rewritten as

Vo(k) = —2B{X:,(kD)d,,(k)} + 2B{X;, (kD)X (kD) } (k). (4.22)

A subband cross-correlation vector is defined, based on the non-decimated subband
input signal z,,(n) and desired subband signal d,,, (k) according to

B = E{X}, (kD)d(k)} = A2 R qhy, (4.23)

and corresponding auto-correlation matrix

R,, = B{X,,(kD)X’,(kD)} = AR, L, (4.24)

With the definitionsin Egs. (4.23) and (4.24) the mean subband gradient vector V,,, (k)
becomes

Vo (k) = — 2%, + 2R E(K) (4.25)
Using the matrix and vector definitions
M-1 - M-1
R=) P'R,, r=)Y P'f, (4.26)
m=0 m=0



the weighted sum of the mean subband gradient vectorsin Eq. (4.19) becomes

E

Z PV . ( ~ pol (—2f~m + zﬁmf(k)) — —or +2RF(k)  (4.27)
0

3
Il

Thefilter coefficients converge when the sum in Eq. (4.27) approaches zero. Denoting
the converged weights with feyn, = limy_.., £(k), thisleads to the following system of
equations

Rfony = 1. (4.28)

Hence, the filter coefficients converge in the mean to
fconv — Rill' (4.29)

The sequel of the analysisissimilar to that of the LM S adaptive filter in the Appendix.
The main difference is that the rate of the coefficient update is D times lower than the
full rate. The coefficient vector update equation in the mean is given by

The coefficient error Af(k) is defined as
Af(k) = f(k) — feonv (4.31)

Inserting Eq. (4.30) into EQ. (4.31) gives

Af(k) = (I- ,uR)f(k — 1) + pRfconv — feorv (4.32)
= (I-uR) (Rk — 1) — feonv) (4.33)
= (I- ,LLR)Af(k: - 1) (4.34)

Since R = R, the matrix is hermitian and can be factorized using the eigenvalue
decomposition R,, = VAV (the spectral theorem) with orthogonal eigenvector
matrix V and diagonal matrix A with real eigenvalues on the main diagonal. Using
the eigenvalue decomposition and the fact that VV# =1, yields

Af(k) = (VVH — yVAVHAf(E —1) (4.35)
= V(I - uA)VEAF(E - 1) (4.36)

A modal coefficient error vector isintroduced AF (n) = V¥ Af(n) which yields
AF (k) = (I — pA)AF (k — 1) (4.37)
With aninitial modal coefficient error vector Af'(0)

Af (k) = (I — uA)FAF(0) (4.38)
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Since (I — pA) is adiagonal matrix, the elements of AF (k) can be expressed as
AT (n) = (1 — p\)FAS(0), i=0,... Ly —1. (4.39)

In order for f(n) to converge to fen, Af(n) should converge to zero and therefore
Af’(n) should converge to zero. Thiswill occur if and only if

11— p\| <1, Vi (4.40)

Therefore the step-size is restricted by

2
0<p<— (4.41)

)\max

and \ma IS the maximum eigenvalue of matrix R in Eq. (4.26).

4.2.2 Convergence Analysis of the Closed Loop Configuration

For the closed loop configuration, the mean subband gradient vectors are given by
Vou(k) = —2B{x* (kD)e’ (kD)}h,, (4.42)
Inserting the fullband error signal vector e(n) = d(n) — y(n) yields

Voaa(k) = —2B{x (kD)(d" (kD) —y*(kD))}h,, (4.43)
= 2B{x (kD)d" (kD)}h,, + 2E{x (kD)y' (kD)}h,, (4.44)

Using d”(kD)h,, = d,,(k) from Eq. (2.88) and y*(kD)h,, = XL (kD)f(k) from
Eqg. (2.87), and assuming that the adaptive filter coefficients f(%) and the input signal
samplesfrom z(k) are statistically independent yields

Vou(k) = 2B{X* (kD)d,,(k)} + 2E{x}, (kD)X (kD)}f (k). (4.45)
Inserting Eq. (4.23) and Eq. (4.24) leads to
Vo (k) = — 2, + 2R, E(k). (4.46)

When comparing Eq. (4.46) with Eqg. (4.25), it can be concluded that the convergence
behavior for the open loop and closed loop configurationsis the same.

4.3 Simulation Results

4.3.1 Open Loop Delayless Polyphase Subband Adaptive Filter

In this section the convergence in the mean of a simple open loop delayless polyphase
subband adaptive filter is studied and compared with averages of real ssmulations. All
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settings are the same as in Chapter 2.4.1.

Fig. 4.5 shows the evolution of the MSE as a function of time. The MSE is found by
using the coefficient update in Eq. (4.30). Also averages of the squared error over 10,
100 and 1000 runs are plotted using the coefficient update according to Eq. (4.16) with
simulated signals. It can be seen that the adaptive algorithm has a larger excess mean
square error compared with the algorithm in Chapter 2.4.2. The following consecutive
figures, Figs. 4.6, 4.7 and 4.8 show the corresponding evolution of the coefficients, the
coefficient errors and the modal coefficient errors. Clearly from Fig. 4.7 it can be seen
that the coefficient errors decay to zero.
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Figure4.5: Decay of the mean squareerror .J (k) for the open loop delayless polyphase

subband adaptive filter.
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Fullband Coefficients - 10 Averages
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Figure 4.6: Magnitude of the fullband filter coefficients |f;(k)| for the open loop de-
layless polyphase subband adaptive filter.
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Coefficient Error - 10 Averages
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Figure 4.7: Magnitude of the coefficient errors |Af;(k)| for the open loop delayless
polyphase subband adaptive filter.
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loop delayless polyphase subband adaptive filter.
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4.3.2 Closed Loop Delayless Polyphase Subband Adaptive Filter

In this section the convergence in the mean of asimple closed loop delayless polyphase
subband adaptive filter is studied and compared with averages of real simulations.
It is verified that the convergence properties in the mean of the open loop delayless
polyphase subband adaptive filter and the closed loop delayless polyphase subband
adaptive filter are the same. The parameter settings are the same as in Chapter 2.4.1.

Fig. 4.5 shows the evolution of the MSE as a function of time. The MSE is found
by using the coefficient update in Eq. (4.30). Also averages of the squared error over
10, 100 and 1000 runs are plotted using the coefficient update according EqQ. (4.16)
with simulated signals. Also in this case, it can be observed that the adaptive algo-
rithm has a larger excess mean square error compared with the algorithm in Chapter
2.4.2. The following consecutive figures, Figs. 4.10, 4.11 and 4.12 show the corre-
sponding evolution of the coefficients, the coefficient errors and the modal coefficient
errors. Comparing the figures from this scenario with Figs. 4.5, 4.6, 4.7 and 4.8, for
the open loop configuration in Chapter 4.3.1, it is confirmed that the open loop and
closed loop configurations have the same convergence properties.
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Figure 4.9: Decay of the Mean Square Error J(k) for the closed loop delayless sub-
band adaptive filter.
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Fullband Coefficients - 10 Averages
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Figure 4.10: Magnitude of the fullband filter coefficients |f;(k)| for the closed loop

delayless subband adaptive filter.
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Figure 4.11: Magnitude of the coefficient errors |A f;(k)| for the closed loop delayless
subband adaptive filter.
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Chapter 5

Convergence Speed Comparison

In this section, the convergence speed of all delayless subband adaptive filtering al-
gorithms is compared. The convergence time can be measured by calculating a time
constant based on the eigenvalues from the convergence analysis. The time constant ;
is the time required for the k-th natural mode to reach 1 /e of its value

(1— ph)™ = 1/e (5.1)
Taking the natural logarithm on both sides yields

—1

Ti = m (5.2

since  is set such that |1 — pAx| < 1, then the largest time constant 7max, Which is
related to the slowest mode and therefore important for the overall convergence behav-
ior, is due to the eigenvalue for which the quantity |1 — u);| is closest to unity. The
maximum convergence speed is obtained when i = 1/\yna. The corresponding time
constant for the fastest mode is then equal to zero. The minimum eigenvalue corre-
sponds to slowest converging mode. It should be noted that the time constant unit is
related to the update rate of the adaptive coefficients and must be multiplied with D to
relate it to the fullband sampling rate.

In this comparison, the largest time constant corresponding to slowest mode, is com-
pared for different delayless subband adaptive filters with number of subbands M =
4,8,16,32 and fullband filter length L; < 256. The scenario is the system identifi-
cation scenario as in the previous sections, see Chapter 2.4.1. A time constant ratio
T /TLms relative to the LM S adaptive filter is cal cul ated.

5.1 Open Loop Delayless Subband Adaptive Filter

Thelargest time constants and time constant ratios are plotted in Fig. 5.1. Asconcluded
earlier, the coefficient transform does not influence these results. The step sizeis set at,
1= 1/Amax. It can be observed that for scenarios with alarge number of fullband filter
coefficients, the slowest mode of the LMS adaptive filter is lower than the slowest
mode of the delayless subband adaptive filter. This is not necessarily the case with
only few filter coefficients. It can also be seen that a distinct improvement is obtained
when the number of subbandsisincreased towards M = 32. It should be noted that in
the open loop case, the slowest mode does not necessarily influence the convergence
in terms of the mean sgquare error. It does influence the converge of the subband filter
coefficients.
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5.2 Closed Loop Delayless Subband Adaptive Filter

The largest time constants for different transform configurations is compared. Also in
this comparison, the step sizeisset at, 1 = 1/ Amax- The subband-to-fullband transform
is the DFT-2 transform. The time constants and time constant ratios are plotted in
Fig. 5.2. It can be observed that the closed loop delayless adaptive filter converges
faster than the LMS. It can aso be observed that the delayless subband adaptive filter
with M = 32 does not give better performance than the scenario with M = 16.

5.3 Open/Closed L oop Delayless Polyphase Subband Adap-
tive Filter

The largest time constants and time constant ratios for the open/closed loop delayless
polyphase subband adaptive filter are plotted in Fig. 5.3. It can be observed that the
adaptive filter converges much faster than the conventional closed loop delayless adap-
tivefilters. It can also be observed that an increased number of subbands does not lead
to a corresponding improvement of the convergence speed.
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Figure 5.1: Largest time constant and time constant ratios for an open loop delayless
subband adaptive filter as a function of the fullband filter length for different number
of subbands.
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less Subband Adaptive Filter with the DFT-2 transform as a function of the fullband
filter length for different number of subbands.
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Chapter 6

Complexity Comparison

In this section a comparison of the computational complexity of the different algo-
rithms is given. Different implementations of signal processing algorithms require
different definitions of ”computational cost”. For the sake of ssimplicity the computa-
tional complexity comparison is given in terms of the number of multiplications.

6.1 Efficient Fullband Filter Implementation

The fullband filter f(%) can be implemented efficiently using a delayless partitioned
block frequency domain implementation. In this implementation, the fullband filter
f(k) is partitioned into B sub-filters of length K = L/ B,

fz(b)<k) = fi+bK(k)7 L= 07"'7K_ 17 b= 07"'7B - 17 (61)
where 7 is a coefficient index and b is a block index. See Fig. 6.1 a). The sub-filters
f® b =1,...,B — 1 areimplemented using efficient overlap-add or overlap-save
block-wise filtering, which is depicted in Fig. 6.1 ¢).

x() (T Ym)

a) b)

Figure 6.1: Efficient Partitioned Block Filtering Implementation. a) Partitioned fil-
tering with B sub-filters of length K. b) Partitioned filtering using overlap-save or
overlap-add frequency domain block filtering for all but the first sub-filter. c) same as
b) but now reduced in complexity by computing the FFT and IFFT only once for all
sub-filters.

The first sub-filter £ is still implemented in the time-domain to ensure delayless fil-
tering. The size of the FFT and IFFT is 2K and the update rate of the coefficientsis K
lower than the full rate. Note that the coefficients need to be transformed to the FFT
domain from the fullband domain. Hence the block size needsto besetat K = D to
ensure that the performance of the adaptive filter is not affected.

The complexity of the first sub-filter is K multiplications per sample. The complexity
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of the FFT and IFFT is4 log, (2 K') multiplications per sample since they are performed
at once every K -th sample. Theother B —1 sub-filtersrequire 2( B — 1) multiplications
per sample. The FFT transforms, which are necessary to calculate the FFT coefficients,
give an additional cost of 2(B — 1) log,(2K). Hence the total cost for the filtering op-
erationis

— L;/B+(2+2B)logy(L;/B) + 4B (6.3)

With K = D, thisyields

With a cost of L; multiplications per sample for the fullband filter implemented in
direct-form, the cost improvement (ratio) of the efficient filtering schemeis

R(Ly;B) = Lg/C(Ly,B) (6.5)

6.2 Filter Bank Complexity

6.2.1 Uniform-DFT Filter Banks

The non-decimated filter bank requires L;, multiplications per samplefor the polyphase
components and M log, M for the IFFT.

Curs(Ln, M) = Ly + M log, M. (6.6)

The complexity for oversampled analysis uniform-DFT filter banksis L,/ D multipli-
cations per samplein the subband domain for the polyphase components and % log, M
for the IFFT. Hence the total complexity is

Cursp(Ln, M) = Ly/D + (M log, M)/ D (6.7)

6.2.2 Tree Structured Filter Banks

Using a polyphase implementation of the individual two-channel filter banks, the first
filter bank requires L/ D multiplications per sample. The filter banks in the next level
require L/D?* multiplications per sample. Continuing with subsequent levels and as-
suming critical sampling D = M, the total cost can be calculated as

Crea(Lp, M) = 2 +2—% 442+ = » 2 (6.8)
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Figure 6.2: Improvement in computational complexity with the efficient implementa-
tion of the fullband filter. The curves show the complexity improvement for fullband
filter length L, = 64,128,256,512 and 1024, with increasing improvement. The
left plot shows the improvement when critically sampled filter banks K = D = M
are used, and the right plot shows the improvement when oversampled filter banks
K = D = M/2 are used.

6.3 Subband-to-fullband Transform complexity

6.3.1 DFT-1Transform

The computational complexity for the DFT-1 transform, see Fig. 2.3, is M L,, log, Ly,
for the FFTsand L log, L, for the IFFT. Since the transform is used only each D-th
sample, and L,, = L;/D, the total cost per sample for the DFT-1 transform is given
by

MLy Ly Ly

T2 log, ) + ) log, L. (6.9)

With the oversampled uniform DFT filter bank, where D = M/2, the complexity
becomes expressed in terms of the fullband filter length L, and the number of sub-
bands M

Corr1 =

L 2L L
CDFT—:I. = 4—f IOgQ —f + 2—f

i 7 i log, Ly. (6.10)
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6.3.2 DFT-2 Transform

The computational complexity is 20/ L,, log,(2L,,) for the FFTs and 2L log,(2Ly)
for the IFFT. The total cost per sample is, the total cost for the DFT-2 transform is
given by

2Ly 2Ly
D + D
With the oversampled uniform DFT filter bank, where D = M/2, the complexity

becomes expressed in terms of the fullband filter length L, and the number of sub-
bands M

log, 2L (6.11)

L 4L L
CD|_—|'_2 = 8Mf 10g2 Wf + 4Mf 10g2 2Lf (612)

6.3.3 Hadamard Transform

The total cost for the Hadamard transform in terms of multiplications per sample is
zero, although the transforms still require additions. For the sake of simplicity, the
cost of additions are neglected in this study.

6.4 Total Algorithm Cost

6.4.1 Open Loop Delayless Subband Adaptive Filter

The computational cost of the open loop delayless subband adaptive filter is based on
the cost of two analysis filter banks, the fullband filter, the subband-to-fullband trans-
form, the filtering operations in the subband domain and the subband adaptive algo-
rithm. The adaptive filters require M L.,/ D multiplications per sample. The adaptive
algorithm also requires M L.,/ D multiplications per sample. The time-varying step
size with recursively implemented power estimation requires 2/ /D multiplications
per sample. An overview of al computational costsisgivenin Table. 6.4.1.

Part [ DFT-1 [ DFT-2 [ Hadamard
Analysis Filter Bank for :Lm(k) CUFBD(L7M) CUFBD(L,M) CTFB(L,M)
Analysis Filter Bank for dm(k) CUFBD(L»]V[) CUFBD(L,M) CTFB(L,M)
Adaptive Filtersw,,, ML, /D ML,/D ML,/D
Adaptive Algorithm w,,, ML, /D ML, /D ML, /D
Subband-Fullband Transform T C|:)|:'|'_;|_(]\47 Lf) CDFT-2(Ma Lf) 0

Fullband Filter £ D+ (2 +2L;/D)logy(D) + 4L;/D
Time Varying Step Size i, (k) || 4 [ 4 [ 2

Table 6.1: Computational cost in terms of multiplications per sample for all parts of
the open loop delayless subband adaptive filter.
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6.4.2 Closed Loop Delayless Subband Adaptive Filter

The computational cost of the closed |oop delayless subband adaptive filter is based on
the cost of two analysis filter banks, the fullband filter, the subband-to-fullband trans-
form and the subband adaptive algorithm. The adaptive filtering requires M L,,/ D
multiplications per sample. The time-varying step size with recursively implemented
power estimation requires 2/ / D multiplications per sample. An overview of all com-
putational costsisgivenin Table. 6.4.2.

Part H DFT-1 H DFT-2 || Hadamard
Analysis Filter Bank for l’m(k) CUFBD(L,M) CUFBD(L7 ]\/[) CTFB(L, M)
Analysis Filter Bank for em(k) CUFBD(L» M) CUFBD(La M) Ctes (L, M)
Adaptive Algorithm w,,, ML,/D ML, /D ML,/D
Subband-Fullband Transform T || Cprr-1(M, L) || Corr2(M,Lys) || O

Fullband Filter f D+ (2+2Ls/D)logy(D)+4Ls/D
Time Varying Step Size pu,, (k) || 4 | 4 | 2

Table 6.2: Computational cost in terms of multiplications per sample for all parts of
the closed loop delayless subband adaptive filter.

6.4.3 Discussion on Complexity of Conventional Delayless Subband
AdaptiveFilters

A comparison of computational costs for the conventional delayless subband adaptive
filter isgiven in Fig. 6.3 and Fig. 6.4. Comparing both figures, it can be seen that the
open loop case is more costly, due to the filtering operations in the subband domain.

Comparing the cost for different configurations, it can be seen that for the DFT-1 and
DFT-2 configurations, the complexity ratio isincreasing as the fullband filter length is
increased. Thisis not the case for the Hadamard configuration, where it is decreasing
as the fullband filter length isincreased. It can aso be seen that alow number of sub-
bands gives more cost than the LMS for the DFT-1/2 configurations. The Hadamard
configurations with M = 4 is approximately as costly as the LMS. Increasing the
number of subbandsin all casesyields lower cost.
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Figure 6.3: Complexity ratio for open loop delayless subband adaptive filters. From
left toright: DFT-1, DFT-2 and Hadamard
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Figure 6.4: Complexity ratio for closed loop delayless subband adaptive filters. From
left toright: DFT-1, DFT-2 and Hadamard
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6.4.4 Open Loop Delayless Polyphase Subband Adaptive Filter

The computational cost of the closed loop delayless subband adaptive filter is based on
the cost of two analysisfilter banks (of which oneisnon-decimated), the fullband filter,
the subband-to-fullband transform and the subband adaptive algorithm. The adaptive
filtering requires M L.,/ D multiplications per sample. The time-varying step sizewith
recursively implemented power estimation requires 2/ / D multiplications per sample.

Part | Open loop delayless polyphase subband adaptive filter
Analysis Filter Bank for z,, (k) || Curs(Ln, M)

Analysis Filter Bank for dm(k) CUFBD(Lhy ]V[)

Adaptive Filters w,, ML, /D

Adaptive Algorithm w,, ML, /D

Fullband Filter f D+ (2+2L;/D)logy(D) + 4L;/D

Time Varying Step Size p1,, (k) || 2M/D

Table 6.3: Computational cost in terms of multiplications per sample for all parts of
the open loop delayless polyphase subband adaptive filter.

6.4.5 Closed Loop Delayless Polyphase Subband Adaptive Filter

The computational cost of the closed |oop del ayless subband adaptivefilter isbased on
the cost of two analysisfilter banks (of which oneisnon-decimated), the fullband filter,
the subband-to-fullband transform and the subband adaptive algorithm. The adaptive
filtering requires M L.,/ D multiplications per sample. The time-varying step size with
recursively implemented power estimation requires 21/ / D multiplications per sample.

Part | Closed loop delayless polyphase subband adaptive filter
Analysis Filter Bank for x,,, (k) || Curs(Ln, M)

Analysis Filter Bank for em(k) CUFBD(Lh7M)

Adaptive Algorithm w,,, ML, /D

Fullband Filter £ D+ (24 2Ly/D)logy(D) +4Ls/D

Time Varying Step Size u,, (k) || 2M/D

Table 6.4: Computational cost in terms of multiplications per sample for all parts of
the closed loop delayless polyphase subband adaptive filter.

6.4.6 Discussion on Complexity of Delayless Polyphase Subband
Adaptive Filters

A comparison of computational costs for the open loop and closed loop configurations
of the delayless polyphase subband adaptive filter isgiven in Fig. 6.5. Comparing both
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configurations, it can be seen that the open loop case is more costly, due to thefiltering
operations in the subband domain. The complexity is decreasing as the fullband filter
length is decreased, similar to the conventional approach with the Hadamard configu-
ration. Further, increasing the number of subbands yields |ower cost.

Open Loop Closed Loop

Complexity Ratio C/CLMS

10

Il 1 1 1 Il 1 1 1
0 500 1000 1500 2000 0 500 1000 1500 2000
Fullband Filter Length L,

Figure 6.5: Complexity ratio for open loop and closed loop delayless polyphase sub-
band adaptive filters.
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Chapter 7

Conclusions and Future Research

In this paper, the convergence behavior of the open loop and closed loop configura-
tions of the delayless subband adaptive filtersis studied. It is shown that the subband-
to-fullband transform greatly affects the performance in terms of the fullband mean
sguare error for the open loop configuration and in terms of the convergence speed for
the closed loop configuration. It is shown that based on the results for the closed loop
case, atransform with optimal convergence performance can be derived. A novel de-
layless subband adaptive filter is presented, which employs polyphase adaptive filters.

The convergence and complexity analysis in this report give the following results

e The conventional open loop delayless subband adaptive filter has limited perfor-
mance in terms of the fullband mean sgquare error. However, the performance
may be sufficient for the application at hand and the convergence speed may be
high.

e The conventional closed loop delayless subband adaptive filter may reach the
same mean square error asthe LM S algorithm but may have limited performance
in terms of the convergence speed, due to anon-optimal transform. A theoretical
expression for the optimal transform is derived. Sub-optimal transforms may be
derived using a-priori knowledge about the input signal.

e An open loop delayless polyphase subband adaptive filter can converge with
high speed, using only few subbands. For a certain scenario it is shown that an
adaptive filter with approximately 1000 taps can be adapted using 16 subbands
with slightly lower complexity than the LMS algorithm while the convergence
speed is higher than the speed of the LM S and the conventional delayless sub-
band adaptive filters.

e The closed loop delayless polyphase subband adaptive filter has the same per-
formance and convergence behavior as the open loop configuration. Since the
closed loop configurations does not require filtering operations in the subband
domain, the computational cost islower.

The convergence analysis requires further study in terms of the mean square error and
the excess mean square error. Thisisespecially the casefor the conventiona open loop
delayless adaptive filter. 1t is of importance to study how the different natural modes
and their magnitudesinfluence the decay of the mean square error. Asfurther research,
the convergence aspects in practical application will be studied, such as system identi-
fication and inverse filtering. The impact of the results will be verified in applications
with real signals, such as acoustic echo cancellation and channel equalization in digital
communications.
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Appendix

L east Mean Square Algorithm

One of the most well-known control algorithm for adaptive filters is the Least Mean
Square algorithm [17]. The LMS agorithm can in short be summarized using the
equations

y(n) = f1(n)x(n) (7.1)
e(n) = d(n) - y(n) (72)
fin+1) = f(n)+ ux*(n)e(n), (7.3)

where f(n) = [fo(n), ..., fu,—1(n)]" isavector with thefilter coefficients at timein-
stant n, and L ; denotes the number of filter coefficients. Thevector x(n) = [z(n), ..., z(n—
L;+1)]" isaninput signal vector at timeinstant n, which holds L ; input samples start-

ing with z(n).

The LMS adaptive filter is an adaptive solution to the FIR Wiener filter design prob-
lem. The FIR Wiener filter is an optimal filter, which minimizes the Mean-Square
Error

J = E{le(n)|*}. (7.4)

where E{.} isthe expectation operator. The Minimum Mean-Square Error and cor-
responding optimal coefficients found by taking the gradient with respect to the filter
coefficients and setting it to zero

VE{le(n)|’} = E{e(n)Ve'(n)} = —2E{e(n)x"(n)} (7.5)

Inserting Egs. (7.1) and (7.2) and setting the gradient to zero yields the system of
equations

—2F{d(n)x*(n)} + 2E{x*(n)x" (n)}f = —2ry, + 2R,,f =0 (7.6)

where matrix R, = E{x*(n)x”(n)} istheinput signal autocorrelation matrix, vector
rqo, = E{d(n)x*(n)} is a cross-correlation vector. Solving Eq. (7.6) leads to the
optimal Wiener filter

fwiener = R;xl L (7.7)
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The coefficients of the adaptive LM S algorithm are updated using an instantaneous
estimate of the gradient.

Convergencein the Mean

In this section, the theoretic analysis of the convergence of the adaptive LM Sfilter in
the mean is briefly described. It is shown that the convergence speed of the adaptive
filter is dependent on the properties of the input correlation matrix [17]. Substituting
Egs. (7.1) and (7.2) into Eq. (7.3) gives

£(n +1) = £(n) + 1 [d(n) — £7(n)x(n)] X" (), (7.8
Taking the expected value,
f(n+1) =1(n) + pE{d(n)x*(n)} — pE {x*(n)x" (n)f(n)}, (7.9

Under the assumption that the data x(n) and the LM S coefficient vector f(n) are sta-
tistically independent Eq. (7.9) can be rewritten as

fn+1) = f(n)+pE{dn)x*(n)} — pE {x*(n)x"(n)} f(n) (7.10)

= (I—pRy)E(n) + pry, (7.11)
Replacing ry, by R, fwiener, Where fiiener 1S the optimal Wiener filter, yields
f(n+1) = (I - pRu)E(n) + pRuofiener (7.12)
The coefficient error Af(n) is defined as
Af(n) = £(n) — fwiener- (7.13)

Inserting Eq. (7.12) into Eq. (7.13) gives

Af(n) = (I - MRﬂﬁr)f(n ) + MRx:chWiener - fWiener (714)
= (I- )(f n —1) — fiener) (7.15)
= (I- MRW,-) f(n—1) (7.16)

Since the correlation matrix is hermitian, i.e. R,, = RZ,, the matrix can be factor-
ized using the eigenvalue decomposition R,, = VAV (the spectral theorem) with
orthogonal eigenvector matrix V and diagonal matrix A with real eigenvalues on the
main diagonal [24]. Using the eigenvalue decomposition and the fact that VV# =1,
yields

Af(n) = (VV7 -y VAVH)Af(n —1) (7.17)
= V(I - uA)VEAF(n —1) (7.18)
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A modal coefficient error vector is introduced as AF (n) = V# Af(n) and evolves as
afunction of time according to

AF (n) = (I - pA)AF (n — 1) (7.19)
With an initial vector Af’(0), Eq. (7.19) can be rewritten as
AF (n) = (I — pA)"Af'(0) (7.20)
Since (I — pA) isadiagona matrix, the elements of Af’(n) can be expressed as
AT (n) = (1 — phi)" A (0), (7.21)

which arereferred to as the natural modes of the adaptivefilter [17]. Thetime constant
7; isthe time required for the £-th mode to reach 1 /¢ of its value

(I—pX)"=1/e (7.22)
Taking logarithms yields
—1

In(1 — pX;) (7:23)

T =

In order for f(n) to converge to fiyieer, Af(n) should converge to zero and therefore
Afl(n) should converge to zero. Thiswill occur if and only if

11— pNi| <1, Vi (7.24)

The decay for each mode is dependent on the magnitude of |1 — u)\;| and is thus
dependent on both ;. and \;. Therefore the step-size is restricted by

O<pu< (7.25)

max \;
(2

This however isin practise not restrictive enough, therefore the following restriction is
more commonly used

0<pu< % (7.26)
where
3= Z Ni = tr{Rys} = Ly - 745(0) = Ly - E{|z(n)[*} (7.27)

Eq. (7.16) shows that the convergence of the coefficients is dependent on the correla-
tion matrix. If z(n) is white noise, the correlation matrix is diagonal and all eigenval-
ues are the same. In this case, the modes will converge in auniform manner. However,
when the input is correlated and the eigenvalues are not the same, some modes will
converge more quickly than others.
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Simulation Results

In this section the theoretical results are compared to results based on averages from
practical smulations. The settings are the same as in Chapter 2.4.1. Fig. 7.1 shows
the evolution of the MSE as a function of time. The MSE is found by using the co-
efficient update in Eq. (7.12). Also, averages of the squared error over 10, 100 and
1000 simulations runs are plotted using the coefficient update according Eq. (7.3) with
simulated signals. The following consecutive figures, Figs. 7.2, 7.3 and 7.4 show the
corresponding evolution of the coefficients, the coefficient errors and the modal coef-
ficient errors. Clearly from Fig. 7.3 it can be seen that the coefficient errors decay to
zero. However, in Fig. 7.4 it can be seen that modes decay at different rates depending
on the eigenvalue spread.
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Figure 7.1: Mean square error
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J(n) for the LMS adaptive filter.
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Figure 7.2: Magnitude of the fullband filter coefficients | f;(n)| for the LMS adaptive
filter.
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Figure 7.3: Magnitude of the coefficient errors|A f;(n)| for the LMS adaptive filter.
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